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Abstract

Outside the knife-edge case of normally distributed priors, when agents are
learning about a hidden state, the higher moments of their beliefs vary endogenously
in response to observed signals. This paper formalizes that variation and shows
that it is characterized by a simple recursion. Empirically, financial markets are
a particularly useful laboratory for studying the model’s predictions because high-
frequency data is available along with well-developed methods for estimating higher
moments. The predictions of a filtering model for the joint dynamics of the moments
of beliefs fit well with a wide range of observed behaviors in financial markets,
including, among others, the skewness of returns across frequencies and the volatility,

skewness, and persistence of the return volatility process.

1 Introduction

Stock market returns are far from normally distributed. The most salient deviation is that
the market sometimes crashes, skewing the distribution of returns left. But returns are
much more complicated than simply being independent draws from a negatively skewed
distribution. To start, their volatility fluctuates over time, and those fluctuations have
been the subject of large literatures in both macroeconomics and finance.! Most notably,

movements in volatility have a strong negative correlation with market returns (about
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recently, see Caldara, Fuentes-Albero, Gilchrist and Zakrajsek (2016) and Ludvigson, Ma and Ng (2021).



—80%) known as the leverage effect.”? The strength of that relationship changes over
time and is related to the conditional skewness of market returns (Neuberger (2012)).3
And volatility itself has nonlinear dynamics, showing positive skewness, time-varying
volatility of its own (which is also negatively correlated with returns), and long memory
(slowly decaying autocorrelations).? The stock market therefore presents a very rich set
of facts for a model to attempt to match.

A large literature studies how investor learning can explain specific individual phenomena
in stock returns, such as the leverage effect (Veronesi (1999)) and time-varying skewness
(Kozlowski, Veldkamp and Venkateswaran (2020)).> This paper studies learning from a
broad and general perspective and argues that it can simultaneously explain a very wide
array of behaviors in higher moments of stock returns both qualitatively and quantitatively,
wider than perhaps previously recognized. At a more general level, the paper gives
a description of the evolution of the moments of agents’ beliefs that applies in broad
settings, including in many behavioral models.

Methods

The core of the paper’s theoretical structure is that the net present value (NPV) of
a security follows some arbitrary process, and agents continuously receive signals about
it. Asset prices in the model are the agents’ best guess of the NPV, which is the solution
to a filtering problem. Since the NPV process is essentially unconstrained, the analysis
nests a wide range of specifications that have been studied in the literature.

The paper’s key theoretical tool is a novel theorem showing that belief dynamics have

a simple recursive structure: the sensitivity of the posterior mean to signals is equal to the
posterior variance multiplied by signal precision; the sensitivity of the posterior variance
is equal to the posterior third moment times signal precision; and so on. The theorem
is sufficiently general to also allow feedback from beliefs to fundamentals (e.g. Lorenzoni
(2009)).

Results

2See Merton (1980), French, Schwert and Stambaugh (1987), and Cont (2001). The term is generally
viewed as a misnomer — while financial leverage can qualitatively generate countercyclical volatility, the
effect would be smaller than what is observed empirically by an order of magnitude.
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The paper has three broad classes of results: theoretically deriving a link between
unobservable moments of beliefs and observable moments of returns; documenting the
model’s quantitative behavior in a simulation; and formally testing its implications in
regressions.

The simplest of the theoretical results is the observation that the conditional volatility
of returns is proportional to agents’ uncertainty about fundamentals. That allows for a
mapping from the model’s prediction for the joint behavior of first and second moments
to an empirical prediction for the joint behavior of returns and volatility. The leverage
effect — the negative correlation between returns and changes in volatility — appears in
the model if and only if agents have negatively skewed beliefs about fundamentals.

There is a similar result for volatility of volatility. Given the required negative skewness
of beliefs, a negative correlation between changes in vol-of-vol and returns — which is also
observed in the data — appears if and only if agents’ beliefs about fundamentals have
positive excess kurtosis.

An immediate implication of the results is to rule out certain processes for fundamentals.
For example, a two-state Markov chain for fundamentals, commonly used to capture
good and bad times, implies that beliefs become positively skewed in bad times, which is
inconsistent with the observation that the leverage effect appears in every month in our
sample except two.

The paper’s second result is to show that a quantitative version of the model can both
qualitatively and quantitatively match the behavior of aggregate stock returns. Instead of
a two-state setup, we assume fundamentals follow a random walk with negatively skewed
innovations — think of a model with negative jumps occurring about once every 15 years
(calibrated similarly to the estimates in Barro and Jin (2011)).® The fundamentals process
in that case has constant volatility, skewness, volatility-of-volatility, etc., and so without
learning it would not match any of the moments that we target. With learning, though, it
fits well, generating among other things negative skewness in returns that increases with
horizon and time-varying return volatility that is positively skewed, negatively correlated
with returns, and displays long memory.

Last, the paper tests the model’s predictions more formally via a set of regressions.
For the second-moment equation, the model predicts that changes in volatility depend
on the interaction of conditional skewness with realized returns and on lagged squared
volatility. Both implications hold in the data, and there is a similar equation for changes

in the third moment.

6For empirical work on skewness in the real economy, see, e.g., Sichel (1993).



The model also implies a restriction across the second- and third-moment equations
that their mean-reversion coefficients should be equal, both being determined by the same
structural parameter. The regressions show that restriction is consistent with the data.
And the value of the structural parameter that they identify is itself consistent with the
value that works well in the simulations.

Most of the analysis studies the aggregate US stock market, for which returns are
negatively skewed. As an additional test of the model, which need not apply only to
stocks, we estimate similar regressions for natural gas futures, whose returns are strongly
positively skewed. The second-moment regression results continue to hold, with natural
gas also displaying quadratic mean reversion and the sensitivity of its volatility to price
changes depending on its conditional third moment.

Implications

The paper’s core claim is that understanding the wide range of nonlinearities observed
in stock market returns does not require a wide range of models. The behavior is consistent
with a simple setup in which the true value of stocks drifts up over time and faces
occasional large negative shocks, but investors only have noisy signals about that true
value. While past work on learning has highlighted some of these mechanisms, this paper
brings them into a unified framework and gives necessary and sufficient conditions for them
to arise. The generality of the analysis also leads to a much wider range of predictions,
especially for higher moments, than have been studied in past work.

Additional related work

This paper provides unified results on the relationship between signals and beliefs.
That makes it related to work on how uncertainty and responsiveness to news vary
endogenously over time, such as van Nieuwerburgh and Veldkamp (2010), Ludvigson, Ma
and Ng (2021), Ilut and Saijo (2021), Altig, Barrero, Bloom, Davis, Meyer and Parker
(2022), and Bachmann, Carstensen, Lautenbacher, Menkhoff and Schneider (2024). There
is a large literature on filtering and expectations formation in economics including, with
varying degrees of rationality, Fusepi and Preston (2011), Nimark (2014), and Bianchi,
[lut and Saijo (2025). Our results on long memory are closely related to work on slow
convergence to the rational expectations equilibrium.”

More directly, the analysis builds on models of asset pricing under learning including
Veronesi (1999), David and Veronesi (2013), and Kozlowski, Veldkamp and Venkateswaran
(2018). The first two papers study learning about states, while the last is about learning

"For example, the methods developed here give a relatively direct and simple derivation of the results
in Christiano, Eichenbaum and Johannsen (2026) while simultaneously requiring weaker assumptions
about priors.



about time-invariant parameters, but both types of learning are accommodated within
this paper’s setup.

Beyond the usual strict Bayesian setup, section 5.1 shows that the paper’s analysis is
also consistent with a number of deviations from the standard full information rational
expectations setup that have been analyzed in the literature, such as misspecified or
imperfect priors (e.g. Farmer, Nakamura and Steinsson (2024)) or errors in incorporating
new data (e.g. Bordalo, Gennaioli, Porta and Shleifer (2019)).

The quantitative example the paper studies is closely related to work on rare disasters
(e.g. Rietz (1988) and Barro (2006)). Even though the probability of a disaster (here just
a jump in the fundamental value of stocks) is constant, at any given time agents are unsure
whether a disaster has occurred, so their subjective distribution over future returns varies
over time as though the probability of a disaster is time-varying, as in Gabaix (2012) and
Wachter (2013) (see also Ghaderi, Kilic and Seo (2022)).8

Finally, there are obviously other explanations in the literature for some of the phenomena
studied in the paper. A common explanation for the leverage effect is that it comes from
shocks to uncertainty or volatility raising expected returns and hence reducing prices (e.g.
Campbell and Hentschel (1992) and Bekaert and Wu (2000)). This paper’s framework is
general enough to allow that mechanism, but it primarily focuses on effects coming purely
through learning.

Perhaps the strongest distinction between this paper’s analysis and that in past work is
the tight structure on higher moments of beliefs and returns. Models of volatility feedback,
for example, are silent on the higher-order properties of volatility, such as vol-of-vol and
skewness of volatility. The model here delivers strong implications for how those moments
should behave and finds support for those predictions in the data. Similarly, unlike this

paper, other work does not get long memory in volatility endogenously.

2 DMotivating facts

We begin with a set of motivating facts.” All moments for realized returns are for the

S&P 500 total return (from CRSP). The calculation of conditional moments is described

in appendix E; it uses information from option markets as well as other predictors.
Table 1 reports moments of daily market returns, their conditional volatility, and the

daily change in that conditional volatility. Returns are slightly negatively skewed, while

8See also Wachter and Zhu (2023) for a model of learning with rare disasters and Maenhout, Xing
and Balter (2025) for related work with ambiguity aversion.
9Cont (2001) notes that similar behavior is observed across many different financial markets.



Table 1: Stock market return and volatility moments

Stock market —— Volatility ——
Moment Daily return  Level Daily change
Std. dev. 1.14 6.61 1.42
Skewness —0.06 2.19 1.35
Kurtosis 19.56 11.60 29.96
Corr. w/ R, —0.79

Note: The table reports empirical moments of stock market returns and volatility (level and daily
changes). Volatility is the fitted value of a projection of realized volatility onto the VIX and is reported
in annualized standard deviation units.

volatility is highly positively skewed in both levels and changes. All three series have
severe excess kurtosis.

The top-left panel of figure 1 plots the skewness of realized log returns over holding
periods of 1 to 252 trading days. Skewness becomes significantly more negative as the
horizon increases. It is —0.39 at the daily level and —1.24 at a horizon of a year. The
top-right panel plots the time series of conditional skewness for one-month market returns
(i.e. the time series of the 21st point in the top-left panel). It has been negative through
the entire sample.

The middle-left panel of figure 1 is a scatter plot of daily market returns against the
daily change in their volatility, showing the strong negative correlation referred to as
the leverage effect. The correlation coefficient in the sample is —0.79. The middle-right
panel plots estimates of the regression coefficient in every month between 1990 and 2026,
showing that the negative relationship is not isolated to particular episodes — it holds in
every month in the sample except for two, and also has been generally trending downward,
similar to market skewness in the top-right panel.

Finally, the bottom panels of figure 1 plot moments for conditional volatility. The
bottom-left panel displays its inverse autocorrelations, 1/corr (vol;, vol;_;).

Inverting the autocorrelations helps to visualize the deviation from the exponential
decay that would be expected if volatility followed an ARMA process. The fact that
1/corr (voly, vol,_;) grows approximately linearly is consistent with polynomial decay in
the autocorrelations, as in fractionally integrated models like Ding, Granger and Engle
(1993) and Bollerslev and Mikkelsen (1996).°

The bottom-right panel plots the time series of conditional skewness of conditional

19Though note that fractional integration is an asymptotic concept and there are infinitely many ARMA
models that can match any finite set of autocorrelations.



Figure 1: Motivating evidence
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Note: All panels use daily data from 1990, except the top-left panel (daily returns from 1926) and the
bottom-right panel (VIX-option data available from May 2006 through August 2025). Shaded areas
are 95% confidence intervals. Construction of the conditional moments is described in appendix E.



volatility at the one-month horizon, skew; (vol;;91). That skewness has been positive on
almost every day in the sample.

The paper’s aim is to qualitatively and quantitatively understand all of these moments,
both conditionally and unconditionally. Being able to do so in a parsimonious framework

with limited assumptions is what distinguishes this paper’s model from many alternatives.

3 Model setup and solution

3.1 Model setup

Stocks pay some cash-flow D, and there is a stochastic discount factor M, that prices D;.
We denote the information that agents have on date ¢, which will be described in more

detail below, by Y. The price of stocks is, definitionally,

00
Dy s Myys

ds | Y|, 1
T | (1)

P =E [
where E is the expectation operator. Importantly, D and M may depend on Y. Since M
is left unconstrained, the model allows for unrestricted risk premia, which may vary over

time.
3.1.1 Information

At any given time, the full set of information that an agent could possibly know is
represented by an abstract object 6;. The fundamental value of the asset is its price

conditional on knowledge of 6,,

00
Dy Myys

ds|0,|. 2
o 2

X;=E [
That is, X; is just the NPV for a hypothetical investor with complete knowledge. An
extreme case is perfect foresight, in which 8, contains full information of all values of M
and D in the future, but 6, can also be coarser. While X, itself is a scalar, it is a function
of #;, meaning its dynamics can be very rich and can accommodate, for example, many
forms of nonstationarity.

The law of iterated expectations immediately implies

P=E[X,| Y. (3)



Because aggregate stock prices display trend growth, they are typically modeled in
logs. If X is an arithmetic process (which it might be in the case of inflation or interest
rates), we could directly apply (3). To analyze stock prices, which are typically modeled

as a geometric process, we restate the filtering problem in logs.

Assumption 1 In the theoretical analysis, the log price is

Pt = E [xt | Yt] ’ (4)
where x; is the log NPV process,
% Dy s My s
v = logE { DeesMiss 19,1 (5)
s=0 Mt

That act of passing the log through the expectation is the single approximation step
in the theoretical analysis. Similar transformations are common — analyses of macro-
finance models often rely on the Campbell-Shiller approximation, for example. Appendix
C reports analogs to the main results below without applying (4) and shows that they are
similar, and the quantitative analysis in section 6 does not use this approximation at all.

The key assumption giving the model economic content is the specification of agents’

information.

Assumption 2 Agents’ information is summarized by a sufficient statistic Y satisfying
d)/; = xtdt + O'Yth, (6)
where W 1s a standard Brownian motion.

Assumption 2 can accommodate different underlying information structures. Our
preferred interpretation is that Y; summarizes the content of the broad range of sources
investors have access to. That will hold (1) if there are a finite number of those sources,
all Gaussian (since then they always have a sufficient statistic of the form (6)) or (2) if
there are many individual sources of information, not necessarily Gaussian, but which are
all asymptotically only weakly informative. When such signals are combined, they take
the form (6) via a martingale central limit theorem. In a richer model, Y; might be an
endogenous outcome of an information processing or rational inattention type of problem.

Given that x; represents how agents would value stocks if they had complete information,

it makes a certain amount of sense to assume that it is what agents learn about, but that is



not the only possible setup. Agents could instead receive signals about nonlinear functions
of x;, such as its moments, or about #;, which might contain relevant information about
the future path of x. The assumption that information flows diffusively also matters
for the analysis, but it is not completely restrictive — see section 5.2. The analysis is
extremely general in the dynamics for fundamentals, represented by x;, but pays for that
generality with this restriction on the information structure. Given that we do not know
exactly what information investors observe (e.g. see Roll (1988)), the reasonableness of
assumption 2 should be judged based on its observable predictions for the behavior of
endogenous outcomes like prices.

Beyond the substantive assumption on the information structure, we assume that x;
satisfies the technical regularity conditions stated in the appendix. These assumptions

are weak and are satisfied by essentially any stochastic process used in economics.
3.1.2 Feedback from information to fundamentals

A significant potential complication here is the possibility of feedback from beliefs to
fundamentals. The most common source of feedback is that state prices can depend
on beliefs, as under recursive preferences and ambiguity aversion, or where state prices
depend on the level of market wealth, as in the CAPM. But it is also possible for cash
flows to depend on beliefs — there is a large literature in macroeconomics allowing that
sort of feedback.

Formally, the feedback in the model is measured by the covariance of x with errors in
the signal, normalized by the usual Bayesian learning gain:!!

oy COVy— (I’t, th)
) 7

= var; (z;)

If fundamentals are strictly exogenous, as in an endowment economy with time-separable
preferences, then a; is identically zero. But when the noise investors observe can have

real effects, a; becomes nonzero.
Proposition 1 a; = 0 for all t if either of the following is true:

a. The discount rate (i.e. sum of the risk-free rate and risk premium) is constant and

Dy 1is exogenous to W;.

b. The (Dy, M) pair is exogenous to Wy, as in the endowment economy of appendiz D.

UFormally, cov,_ (24, dW;) /dt = covy_ (dxy, dWy) /dt = d (x,W), /dt, where (z, W) is the predictable
quadratic covariation of z and W.

10



For simplicity, we derive our results under the assumption that a; is Y‘-measurable.

3.2 Solution

Since the log price is the expectation of x;, the return depends on the change in the
conditional expectation of z;, which takes a form very similar to what is obtained under
the Kalman filter.

Proposition 2 In the structure set up so far,
dpe = Koy (14 ap) 0y (dY; — By [z dt) + E¢ [dpy] (8)
where Koy = var, (xy).

The sensitivity of prices to surprises in the signal, dY; — E, [x;] dt, depends on current
uncertainty about fundamentals (k2:), signal precision (0{/2), and the relative strength
of the feedback effect (a;). The intuition for the gain is simple: it is the coefficient from
a hypothetical local regression of x; on dY;. The drift, E, [dp,], captures the risk-free rate

and the expected risk premium.

Proposition 2 [continued...] Denote the posterior third central moment by ks.. Then

dros = k305> (AY; — By [z4] dt) — Kzg,t (1+ at)2 oy dt
+ var, (dzy) + 2 covy (xy—, dxy) . (9)

The dynamics of the variance kg, which determines return volatility, are similar to
those for prices. The gain of kg, is now the third moment times the precision of the signal
(with no adjustment term). That is again because k3,/03 is a local regression coefficient.
var; (dz;) represents the contribution of uncertainty from shocks to fundamentals, and

2 covy (x4, dxy) is the contribution due to z effectively spreading out over time.

Proposition 2 [continued.../

d/ﬂ?g,t = lﬂ?4,t0';/2 (d}/;g — ]Et [.Tt] dt) — 3/12’1/ (1 + at) O';/Zlﬂlgytdt
+3 (Et [SCt]2 - ﬁz,t) E; [dz;] — 3E; [x,] E, [d (37?)} + E, [d (13?)} ) (10)

where k4, 15 the fourth cumulant (equal to zero under the normal distribution).

11



For the third moment, the sensitivity to signals now depends on the fourth cumulant.
We will show below that the determinants of the third moment matter because they
determine the sign of skewness in volatility and also affect fragility in asset prices. k4, > 0
is equivalent to excess kurtosis being positive and means that the distribution has more
mass in the tails than the normal distribution. In that case, good news increases skewness
because it shrinks the left tail of beliefs faster than the right.

3.2.1 General result

While proposition 2 is enough for the present paper, it suggests a broader result: the gain
coefficients seem to satisfy a recursion. That recursion turns out to hold for the cumulants
of agents’ posteriors, which are the derivatives of the log characteristic function. The first
cumulant is the mean, and the second and third cumulants equal the second and third
central moments. Denote the n-th cumulant of the time-¢ conditional distribution of x;

by K.t

Theorem 1 For all n for which the (n+ 1)th posterior cumulant ezists and for which the

expectations below are well defined,'

dfing = (Kns1t + Lomioyay) 032 (dY; — Eifz]dt)
1

— o5 La>2

205

- n
Z ( ) 1) Kjthn—jt2t + 2N0y Qkn s + 20%0@1”:2 dt
=2 \J ~

+ Zl (;‘) B (=Kt —knje) Beld(x])], (11)

where Bj denotes the jth complete exponential Bell polynomial, 1. is the indicator function,

and oy = covy_ (x, dWy) /dt so that a; = oy oy /Kay.

The recursion for the gain carries through to all the cumulants: the gain of the
nth cumulant is the (n 4+ 1)th cumulant times the precision of the signal. Theorem 1
follows from an application of results in Liptser and Shiryaev (2013) and Bain and Crisan

(2009).'3 While the equation for r;; is well known (equation (8)), the full recursion is not

12Gince the cumulants are derivatives of a function, if Kn+1,t €xists then all lower-order cumulants also
exist.

13Theorem 1 is closely related to results in Dytso, Poor and Shitz (2022), with three key differences.
First, z; here is dynamic instead of constant. Second, here there is feedback from the signals to the latent
state via ay. Third, theorem 1 characterizes the evolution of the conditional cumulants from knowledge
only of the priors. In unpublished work, Osband (2011) and Osband (2025) get a special case of theorem 1
when z is a pure jump process and a; = 0 for all ¢ (closely related to Veronesi (1999)).

12



a trivial implication of the basic filtering equations, especially with feedback from signals

to fundamentals.

4 Predictions

This section examines the predictions of proposition 2 for the behavior of returns. We
allow the feedback strength, a;, to vary over time but assume that it changes smoothly.

We also assume that the conditional moments of x; are well behaved.'

4.1 Volatility and uncertainty

From equation (8) we immediately have for volatility'®

1/2
voly = <£t% E, [(pt+At - Etpt+At>2] /At) (12)
= ko (1+ ar) oy’ (13)

Combining equations (8) and (9) from proposition 2 then yields the following.

Corollary 1 vol; follows a diffusion satisfying

d (voly) = 0{/1@ (dp, — Eq [dpy]) — g;l (14 a) volfdé

N H27t /
% ®
+ (1 + ay) oy (varg (dzy) + 2 covy (2, dxy)) + 0y ko gday. (14)

The main predictions arise out of the terms @ and . @& determines the joint
behavior of returns and volatility, while (& generates nonlinearity in the dynamics of
volatility.

A first point to note is that volatility is generically stochastic. It is only when the
model is linear Gaussian and feedback strength is constant that the volatility of prices

deterministically converges to a constant. If any of the higher-order cumulants is nonzero,

4 Qpecifically, we assume that the technical conditions of theorem 1 hold through order four, that
1+ ay > 0, that a; is continuously differentiable with a locally bounded rate of change, and that the
conditional drift rates E[d(x])]/dt, j = 1,...,4, are locally bounded and continuous.

I5For stocks at high frequency, cash flows are predetermined, and in any case the variance of changes
in cash flows for the aggregate US stock market at even the monthly frequency is insignificant compared
to changes in prices. The historical variance of monthly returns is 2.85 x 1072, while the variance of
dividend growth is over 600 times smaller — 4.46 x 10~%. We therefore treat return volatility as equal to
price volatility.

13



that effectively immediately creates a change in volatility. Time-varying volatility by itself
is enough to generate, qualitatively, the excess kurtosis observed in stock market returns
in table 1.

4.2 The leverage effect

Proposition 3 The instantaneous coefficient in a regression of changes in the conditional

volatility of returns on price changes is

covy (dpy, dvoly) — _ kKsy

var (dpy) Y Kot

(15)

The term @ in (14) shows that the presence of a leverage effect — the negative
correlation between changes in volatility and prices documented in table 1 and figure 1
— is completely determined by the third moment of agents’ conditional distribution and
the noise in agents’ signals. The necessary and sufficient condition for the existence of
a leverage effect is k3; < 0: there is a leverage effect if and only if agents’ posterior
distribution for fundamentals is negatively skewed. The fact that we observe a leverage
effect in the aggregate US stock market in nearly all months in the data, including during
severe downturns, then implies that the conditional skewness is negative in essentially all
states of the world observed in our sample. The relationship has additionally strengthened
over time, which would be consistent with a decline in k3.

The intuition for proposition 3 is straightforward: a negative third moment means that
the right tail of the conditional distribution is shorter than the left. When agents receive
good news about fundamentals, that tells them they are likely on the narrower side of the

distribution, and their conditional uncertainty falls, driving down return volatility.

4.3 Skewness in returns

Since the price process is a diffusion, its instantaneous skewness is not formally well
defined. Skewness arises as returns interact with changes in volatility. We get the
following result using a second-order approximation for the third moment of returns,

defining skewness as usual as the scaled third moment:

E; [(pt+At - Etpt—i-At)S]
3/2°

(16)

skew; (pr+at) 5
K, [(pt+At — Eipriar) }

14



Proposition 4 The local skewness of returns is

lAifﬁ) skew, (pryas) (A2 = 3%0,/1. (17)

The conditional “instantaneous” skewness of returns again depends on the second and
third moments of the posterior. As At — 0, skewness goes to zero — that is the usual
result that returns are locally normal. For small but nonzero values of At, equation
(17) provides a link between the conditional skewness of returns — which is potentially
measurable — and the conditional skewness of beliefs, skew; (x;), which determines the

leverage effect:

Corollary 2 The leverage effect coefficient as defined in proposition 3 is related to the

skewness of returns via

~1/2 _ COVy (dpy, dvoly)

var; (dp;) (18)

lAitrﬁ) skewy (priae) é (At)

These results show that the model is able to qualitatively match the return skewness
documented in table 1 and figure 1 again when k3, is negative. Skewness arises here
again due to the term @ in equation (14): declines in prices raise volatility, leading to
a relatively long left tail in returns. Neuberger (2012) and Neuberger and Payne (2021)
study this mechanism in detail.

Additionally, corollary 2 implies that the conditional skewness and leverage effect
plotted separately in figure 1 should actually be proportional to each other. Section 7
tests that proposition.

The skewness of returns is closely linked to the concept of fragility in prices (Taleb and
Douady (2013)). Formally, the response of prices to signals in the model is concave when
kgt < 0. That concavity then generates negative skewness in returns and a leverage effect.
Equation (10) therefore describes the dynamics of fragility in the model. When beliefs are
heavy-tailed in the sense of k4 > 0, fragility increases following negative signals about

fundamentals.

4.4 Conditional moments of volatility

Starting from corollary 1, the same analysis that leads to equations (13) and (17) yields

the volatility and skewness of volatility.
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Proposition 5 The local volatility and skewness of vol; are

1/2
(Etrﬁ) E: [(volisar — Evoliyar)’] /At) = |rael (14 ar) 03", (19)
. —1/2 o5 R4t 4
lAltrﬁ) skewy (voliyat) (AL) = 3—|H3,t Oy . (20)

Equation (19) says that the volatility of volatility is driven by the third moment of
beliefs, which follows simply due to the basic moment recursion in the Bayesian update.
Skewness of returns and volatility of volatility are therefore closely related, both being
driven by the same feature of beliefs. The feedback term a; appears since it determines
the scale of the volatility process.

The skewness coefficient for volatility takes the same form that we see for return
skewness, but with the cumulants shifted back by one order. Similar to the result in the
previous section that the negative leverage effect coefficient is equivalent to a negative
third moment of beliefs, here positive skewness in volatility — which is documented
empirically in table 1 — is equivalent to a positive fourth cumulant, meaning that beliefs
have greater kurtosis than the normal distribution. The beta distribution is an example
of a distribution that can have a negative fourth cumulant, yielding negative skewness in
volatility even with negative skewness in fundamentals.

Proposition 5 shows a way that this model is different from a simple model with
time-varying volatility as an exogenous driving process (e.g. Bansal and Yaron (2004)):
volatility is not a free process here. It has rich dynamics that are constrained by the

endogenous dynamics of beliefs.

4.5 Slow decay in volatility

The term ® in (14) shows how volatility decays. When volatility is high, o' (1 4 a;) vol?
also grows, pulling volatility back down towards its steady state. The rate at which
volatility decays following an increase depends on oy’ (14 a;). The rate of decay is
increasing in the precision of signals, while feedback from beliefs to fundamentals via the
term a; accelerates the recovery of volatility (holding the conditional variance of changes
in fundamentals fixed) because it increases the covariance of signals with fundamentals.
Unlike standard time-series models (e.g. an AR(1) or Ornstein-Uhlenbeck process),
the mean reversion is quadratic, so that the rate of mean reversion rises more than
proportionately with increases in volatility. When jumps up in vol; are large relative to

its steady-state value, its decay after a time At is approximately of the form 1/ (1 + bAt)
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for a coefficient 0.1 The polynomial decay is consistent both with the autocorrelations
plotted in figure 1 and also with past empirical work on securities markets.!”

Intuitively, volatility decays nonlinearly because the degree to which expectations
respond to signals (i.e. the magnitude of the gain) is increasing in uncertainty. When
uncertainty is high, agents update strongly in response to signals and learn quickly. As
uncertainty falls, they update less strongly and learning slows. The same mechanism is

what drives the 1/N rate of convergence for the variance of statistical estimators.

4.6 Examples

This section briefly considers two simple examples. Section 6 studies in much more depth

a quantitatively realistic example.
4.6.1 Linear Gaussian process

If fundamentals, x4, follow a linear Gaussian process and the strength of feedback, a;, is
zero, then the model’s solution is the Kalman filter. p; is a linear function of the history of
signals; its gain and hence conditional variance converge to constants; and its conditional
skewness and all higher cumulants are always equal to zero. There is then no leverage

effect, volatility of volatility, or skewness in prices or volatility.
4.6.2 Markov switching process

Veronesi (1999) studies a two-state switching model in which the latent state = switches
between a low and a high value and agents have a Gaussian signal as required in proposition
2. In this case, the low and high values of x; can be normalized to 0 and 1 without loss
of generality.

Agents’ beliefs at any given time are summarized by a single parameter, m;, which is
their posterior probability that z; = 1. The cumulants of x;, which drive price dynamics,

are simple functions of 7;:

K/Q’t = T¢ (1 — 7Tt) y (21)
K3t = (1 — 27Tt) X Ko, (22)
Rat = Ragt (1 - 6%2715) . (23)

16GSpecifically, if there is a jump at some date ¢, then if there are no further shocks to volatility and
a; is constant, then to leading order voly,+a¢ = voly,/ (1 + a{,l (1 + at,) voly, At).

17See Corsi (2009) for a discussion of some of the evidence (going back at least to Ding, Granger and
Engle (1993)) along with the fact that the data is always consistent both with strict long memory and
also processes that simply approximate it, since formally long memory is defined asymptotically.
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The variance here then is a bell-shaped function of m;, peaking at 1/4 at 7y = 1/2 and
declining to zero on both sides, and sign (ks;) = sign (3 — 7). Economically, when m,
is near 1 so that agents are confident they are in the good state, volatility is low, but
the skewness coefficient is strongly negative, so there is a leverage effect. However, when
a bad state is realized and investors have seen enough signals to be confident in that,
so that 7, is below 1/2, volatility falls and the leverage effect reverses: agents no longer
worry as much about the economy getting worse, so there is relatively more upside and
kgt > 0. That fact illustrates the importance, in the context of the leverage effect, of
agents continuing to learn in bad states. If learning effectively stops once agents know the
economy is in a recession — in the sense that things cannot continue to get worse — then
the leverage effect disappears or even reverses. That is not what is observed historically
in the US stock market.

Similarly, the fourth cumulant can be shown to change sign twice — it is positive for
values of 7 close to 0 and 1 and negative for intermediate values. Empirically, figure 1
shows that the conditional skewness of volatility, whose sign is the same as that of k4, is

uniformly positive in the data, which is not possible in a two-state model.

5 Extensions and robustness

5.1 How much rationality needs to be assumed here?

At first glance, this model appears to require investors to be strongly rational, applying
Bayes’ theorem with full knowledge of the dynamics driving fundamentals. While that
is the baseline in the simulations below, the analysis does not require it. The recursive
structure of proposition 2 holds as long as agents update using the basic form of Bayes’

rule. In particular, none of the following is essential in the derivations:

1. That agents use the correct precision (0y?) in calculating their update (e.g. the
diagnostic expectations of Bordalo, Gennaioli, Porta and Shleifer (2019)). If the
perceived precision is incorrect, the perceived precision replaces 0{,2 in the gain
terms of proposition 2 and the drift terms acquire an additional correction that is

proportional to the error in the perceived signal variance.
2. That agents’ assumed dynamics for x are in any sense “correct.”

3. That the agents incorporate all information they receive. They could irrationally or

inefficiently ignore some signals.
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4. That the agents properly weight all information they receive. Agents might receive
many Gaussian signals, which can be combined into a single value and used for

updating. It is possible that they do that combination incorrectly.

What is important here is not actually that agents are true Bayesians but that
their updating rule has the algebraic structure of Bayes’ rule. Deviations from rational
expectations will mean that what agents see as a martingale will not appear to be one
to an econometrician, so the drift terms in the results above inherit agents’ subjective
model. But the nonlinearities the paper focuses on do not hinge on anything like complete

rationality. Molavi (2026) discusses these issues in greater detail.

5.2 Discrete information revelation events

Dytso, Poor and Shitz (2022) precedes this paper and proves the following discrete version
of theorem 1, under the additional restriction of a constant latent state (and hence no
feedback from signals to fundamentals). Instead of assuming a diffusive information flow,
this result is for a signal with strictly positive information content, meaning that the

moments also update by discrete amounts.

Proposition 6 [Dytso, Poor and Shitz (2022), equation (52)] For a random variable x;
and a signal y; ~ N (xy,0%) (with y; — x; independent of x;)

d B _
d_yﬁj (2 | ye =) = Kjur (@ | e = ) Jo?, (24)

where k; (z¢ | y¢ = ) is the jth posterior cumulant of x; conditional on observing y, = y.

Furthermore, for y, in a neighborhood of any y € R,

- B N
B | ) = 3 LI (B2 (25)
j=0

Proposition 6 shows that the type of recursion in theorem 1 also holds for discrete
revelation events — diffusive information is not necessary for the central results. At
the same time, it shows that normality is important — continuity is not essential, but
proposition 6 still requires a normally distributed signal.'® Proposition 6 also shows why

continuous time is useful here: in (24) the posterior cumulants, which are precisely what

18Dytso and Cardone (2021) explore related results for non-Gaussian variables, but do not derive a
power series result. It is possible to derive a similar result for certain other specific cases, e.g. when the
likelihood is exponential or Poisson.
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one wants to solve for, determine sensitivity. In continuous time the cumulants follow
continuous processes, so the prior and posterior values are effectively identical, which
simplifies the analysis.

Proposition 6 is closely related to and can be derived from theorem 1. Theorem 1,
on the other hand, does not follow directly from proposition 6. Accounting for dynamics,
which is ultimately central to the analysis, as well as feedback from signals to fundamentals,
which are not addressed in Dytso, Poor and Shitz (2022), makes the derivations significantly

more complicated.

6 Illustrative calibration

This section develops a simple quantitative example to help understand the extent to

which the qualitative theoretical predictions map into quantitatively realistic behavior.

6.1 Model setup

Fundamentals have an average growth rate of ¢ with both small Gaussian shocks and

occasional downward jumps:
dQJt = (¢A + g) dt — Jtht + O'mdBt, (26)

where B is a Brownian motion, N is a Poisson process with constant rate ¢, and J; is a
random variable with mean A. The drift g can be thought of (and formally motivated as)
coming from a risk premium on cash flows. It plays no role other than to generate positive
average returns. Feedback from signals to fundamentals is turned off here, so a; = 0.

In the absence of learning, prices are equal to x and hence inherit its dynamics. So
without learning, returns would be skewed due to the jumps, but volatility and skewness
would be constant, there would be no leverage effect or long memory, and volatility of
volatility and skewness of volatility would be equal to zero. The version of the model
without learning would match none of the behavior observed in figure 1 and little of what
is in table 1.

We calibrate the jump distribution based on Barro and Jin (2011) (though with smaller
disasters assumed to have somewhat heavier tails) and assume that equities have a leverage

of 3 relative to shocks to consumption.’® ¢, is then chosen to approximately match

9Leverage of 3 is high relative to the average debt-to-equity ratio for US stocks. On the other hand,
large negative shocks mechanically raise leverage, so a value of 3 can be seen as representing more how
leverage would act in a disaster state. This value is consistent with that chosen by Bansal and Yaron
(2004).
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the standard deviation of US stock returns (o, = 0.0038 at the daily frequency), and
oy = 4.5 (based on the time index corresponding to days) was chosen to match the
dynamics of volatility and skewness along with regression results reported in section 7.
To get a sense of scale, if agents hypothetically had a prior variance for fundamentals
of co and fundamentals were constant, after one year of observing such signals their
posterior standard deviation would be 0.28 in logs. Since oy controls the rate of learning,
it determines both the autocorrelations of volatility and also the time from peak to trough
following downward jumps in fundamentals. We compare both to the data below to help
validate the choice of oy. Finally, we set ¢ = 0.07 to match the historical equity premium.

It is straightforward to simulate the model by discretizing the state space and then
updating beliefs exactly using Bayes’ theorem. In addition, prices are calculated as P, =

E; exp (), so that the simulation does not use the log approximation from equation (4).

6.2 Impulse response functions

This section examines two impulse response functions — to errors in the signal, oydW;,
and to jumps in fundamentals, J;dV;.

The noise shock is defined as a month with a one-in-ten-year (4-2.4 standard deviation)
realization in the total error in the signal over the month. Figure 2 plots the response of
prices and volatility to the shock. The first month in the figure is the period in which
the shock occurs. In the case of a negative shock, prices fall and uncertainty rises. As
uncertainty (and hence volatility) rises, prices become more sensitive to signals, with the
result that the response of prices over the course of the month is concave, with prices
declining progressively faster. When the shock ends, prices and volatility revert, but the
recovery is very slow: volatility only gets close to its starting point after about a year,
and in the same time prices have recovered only about half of their decline. The fact that
prices recover initially quickly and then slowly is again a consequence of the volatility
dynamics: the recovery of volatility and uncertainty itself slows the recovery in prices
because when uncertainty is low, agents update less in response to the incoming data that
is (by assumption) telling them that a disaster did not actually happen (a closely related
mechanism underlies the results of Christiano, Eichenbaum and Johannsen (2026)).

In the case of a positive noise shock, the effects are smaller because of the asymmetry

in the fundamentals process. Agents understand that it is possible that a large negative

The exact calibration is the double power law with, in their notation, o« = 4.16, § = 5, § = 1.38, with
minimum and maximum consumption jump sizes of 7.4 and 65.6 percent, respectively, with the maximum
cutoff based on the largest observed decline in their data. The annual jump probability is 6.42 percent.
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shock has occurred, so they update strongly in response to negative signals, but since
large positive shocks are effectively impossible, they strongly discount positive signals.
That plays out by volatility declining, so that the marginal effects of additional noise are
progressively smaller. The overall effect on prices of a negative noise shock is on average

54% larger than a positive noise shock, and the effect on volatility is 3.5 times larger.

Figure 2: Response to negative error in the signal
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Note: The left-hand panel plots the IRF for prices — the conditional expectation of  — and the right-
hand panel plots the conditional standard deviation of prices. The shock is a one-time 2.4 standard
deviation negative error in the signal (i.e. a negative realization of oy dW).

The second pair of IRFs, in figure 3, represents the average response to a downward
jump in fundamentals. The left-hand plot in figure 3 shows that the decline in prices is
again nonlinear — it accelerates before slowing, with the initial declines on average equal
to 0.14 percent per day, accelerating to 0.21 percent per day at their peak. It takes four
to five years on average for prices to fully incorporate the drop in fundamentals. This is
therefore a model in which disasters take years on average to fully play out. This behavior
is similar to that studied in Ghaderi, Kilic and Seo (2022), with the difference here being
that it happens endogenously, instead of there being an assumption that disaster shocks
are clustered.

To get a sense of whether the length of crashes is empirically reasonable, figure E.2
in the appendix plots the time from peak to trough for all drawdowns in the US stock
market greater than 10 percent compared to the average time for drawdowns of the same
magnitude in the simulations. If anything, the model actually appears to understate the
time from peak to trough relative to the data, implying that learning in the data is even

slower than what is calibrated here.
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The right-hand panel of figure 3 shows that the peak in volatility does not come on
average until 9 months after the shock. That said, because of the nonlinearity of the
model, the mean IRF is not a very good representation of typical behavior. For example,
the average mazimum of annualized volatility in the five years after a negative jump is 84
percent, nearly twice as high as the average five-year peak of only 44 percent for periods

with no jump.

Figure 3: Response to a negative realization of fundamentals
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Note: These plots are the same as in figure 2, except they correspond to the IRF for a negative
realization of fundamentals. Specifically, the IRF for prices is the average path of prices when x = —\
compared to z = 0, and the right-hand panel is the same for price volatility.

6.3 Simulation results

The left-hand panel of figure 4 plots an example of a 100-year time-series of fundamentals,
x, and prices, p, from the full simulation. Prices track fundamentals well in the long-run,
but clearly there can be large temporary deviations. In some cases, fundamentals jump
down and it takes time for prices to catch up, and there are also clear cases of prices
jumping down “erroneously” (based on hindsight or on knowing the true state) and then
recovering, for example around year 50.

The right-hand panel of figure 4 plots the dynamics of prices and conditional volatility
during the crash observed around year 8 in the simulation in the left-hand panel. The crash
displays what can be recognized as common behavior in the data, with the price decline
accelerating and then ending with a large rebound from the bottom, while volatility rises
as prices fall.

Table 2 reports moments for returns and their conditional volatility. As discussed in
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Figure 4: Simulated time series of fundamentals and prices
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Barro and Jin (2011), the US has historically had fewer disasters than would be expected
unconditionally. We therefore calculate moments as the average from 100-year samples
of the simulation in which the most negative annual return is no worse than the most
negative value observed in the US over the past century. Calculating moments on 100-year
samples also accounts for any small-sample bias in the statistics.

Table 2 shows that the model broadly matches the data. The moments for daily returns
all lie within the 95% confidence bands of the empirical estimates, as do the standard
deviations of the level and changes of volatility. The model’s correlation between volatility
changes and returns is somewhat stronger than in the data (—0.86 versus —0.79), though
the empirical value lies well within the range of correlations across individual simulated
samples. The model overstates the skewness and kurtosis of the level of volatility relative
to the data, while for first differences it understates skewness and overstates kurtosis.

Figure 5 compares the model’s behavior to what was shown in figure 1. Log return
skewness and volatility autocorrelations are both qualitatively similar to the behavior

of the data across horizons.?’ The bottom-left panel shows that the model generates a

2ONote that the value of skewness differs here from table 1 because the figure uses log returns while
the table uses level returns. The reason is that at long horizons, we want skewness to converge to
zero, consistent with the CLT. That only works for log returns. Due to compounding, level returns are
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Table 2: Model vs data moments

Stock returns Volatility level Volatility change
Moment Data Model Data Model Data Model
Std. dev. 1.14 1.00 6.61 6.53 1.42 1.21
[1.00, 1.28] [5.02, 8.26] [1.19,1.66]
Skewness —0.06 0.01 2.19 3.63 1.35 0.06
[—0.71,0.42] [1.00, 2.80] [0.58, 2.24]
Kurtosis 19.56 20.23 11.60 26.34 29.96 93.25
[13.76,27.22] [3.87,15.95] [17.98,41.76]
Corr. w/ Ry —0.79 —0.86
[—0.82, —0.76]

Note: This replicates table 1 for the empirical moments and compares them to the model simulation.
Square brackets below the data moments are 95% confidence intervals from a block bootstrap of the
data (252-day blocks, 1,000 replications).

leverage effect scatter plot similar to the data, though with too little dispersion when
returns are near zero, implying that there is a component of conditional volatility that is
driven by a process that is independent of returns. Finally, the bottom-right panel shows
densities for volatility in the model and data demonstrating that the distributions are
reasonably similar, though, as is also reflected in table 2, the skewness in the simulation
is much higher than the data.

The results in this section show that the model is able to match key features of the
data not just qualitatively but also quantitatively, and with only a relatively small number
of free parameters. The overall volatility of returns and the fact that they are negatively
skewed come from the calibration of fundamentals. But the volatility dynamics and the
evolution of skewness across horizons are both absent from fundamentals and arise from

the learning mechanism.

7 Estimated belief moment dynamics

This section estimates regressions motivated by the model-implied dynamics for the second
and third moments of beliefs from section 4. As a simple benchmark, we assume that z

has stationary and independent increments and set a; = 0.

asymptotically log-normal and therefore positively skewed. The theory is also entirely about log returns.
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Figure 5: Simulation results
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Note: The top two panels and the bottom-left panel repeat the return-skewness, volatility inverse-
autocorrelation and return—volatility scatter panels of figure 1, overlaid with the corresponding outputs
from simulations of the model based on the parameters discussed in the text. The bottom-right panel
shows the estimated density of volatility in the data and in the model.

7.1 Regression setup

7.1.1 The ky equation

Combining equations (14) and (17) and assuming E; [dp;] is zero for simplicity,?! we have

1
d [vol;] = cons + gskewtdpt — oy volldt, (27)

21The results of this section are essentially identical if we replace dp; with dp; — E; [dp;] and assume
that E; [dp;] is a non-zero constant.
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where skew;, = skew; (pyar) (AL) 2

The model has two predictions for the results of this regression: the coefficient on
%skewtdpt should be equal to 1, and the coefficient on vol?dt should be equal to —0;1.
The first relationship holds as long as prices and volatility follow a joint diffusion driven by
a single Brownian motion, and so it tests that aspect of the model. The second prediction
shows that the regression can be used to identify a structural parameter nonparametrically
(and it will also be part of a cross-equation restriction). Additionally, we test the model’s

prediction that the mean reversion is quadratic rather than linear.
7.1.2 The k3 equation

Equation (10) gives the dynamics of the third moment of beliefs. Empirically, we can
get the third moment either from an estimate of the conditional skewness of returns
multiplied by volatility, via equation (17), or directly from volatility of volatility with
equation (19). The fourth cumulant of beliefs appears on the right-hand side of equation
(10). In principle that can be obtained from an estimate of the fourth moment of returns,
but in practice we find that that method performs very poorly.?? The more effective way
is to use an estimate of the skewness of volatility in equation (20).

Assuming E; [dp;] is zero, we then have two regression specifications from equation
(10):

1
d [skewvoly] = cons + sign (skew;) skewwvol, <§skewt> dp; — 30;18kewtvolt2dt, (28)

and .
3skewvol; vvol

dp; — 3oy volywvol,dt, (29)

d [vvoly] = cons + sign (skew;) .
VOl

where skewvol, = skew; (volyyat) (At)fl/ % and vvol, is the instantaneous volatility of vol,.
The sign (skew,) factor arises because vvol; and skewwvol; measure only the magnitude of
the third moment, |k3,| (equations (19) and (20)), while the loading of the third moment
on return surprises carries the sign of ks ;.

Under the model, if all of the objects can be estimated without error, the regressions
should give identical results. In practice, estimating third moments tends to be more

difficult than estimating second moments, which suggests that the specification using

22Mathematically, the fourth moment of returns depends on both the third and fourth moments of
beliefs, and the third moment contribution is dominant. Noise in the various estimators then makes
getting the fourth moment of beliefs this way essentially infeasible, since it requires subtracting a function
of the estimated third moment from the estimated fourth moment.
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Figure 6: Time series of conditional volatility and skewness for S&P 500 and natural gas
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Note: Time series plots for the volatility and skewness for the S&P 500 and for natural gas. All
series are obtained from regressing realized moments onto the corresponding option-implied moments,
and using fitted values to account for risk premia in options. All series are monthly averages of the

corresponding daily series.

volatility of volatility should perform better.

7.2 Data

We estimate regressions for two markets. The first, given our focus on the stock market,
is the S&P 500. For that case, we use conditional moments constructed as described in
section 2. Similar to vol; and skew,, vvol; and skewwvol; are constructed by forecasting
the realized second and third moments of conditional volatility, where the option-based
information, which is the main driver of the forecasts, comes from VIX options, which
allow the calculation of the risk-neutral distribution of volatility.

Figure 6 plots the conditional volatility and skewness for the S&P 500.

The S&P 500 conditional skewness is almost exclusively negative, so for the second
market to use for estimation, we choose natural gas because it is a large and economically

significant market that displays, in contrast, predominantly positive skewness. To calculate
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dp; in this case we use natural gas futures returns from the CME. We then use options
on futures to estimate the conditional moments in the same way as for the S&P 500.
The time series of conditional volatility and skewness for natural gas are plotted in the
right-hand panels of figure 6.

For natural gas, volatility derivatives are not exchange traded, so in that case we do
not estimate the k3 regressions in equations (28) and (29) because there is insufficient data
to get credible high-frequency conditional moments of volatility (vvol; and skewwvol,).

There are many other underlyings that could be studied, like individual stocks, bonds,
and other commodities. The two markets here are simply meant to illustrate the model’s
core mechanisms and show that in at least two notable cases they map somewhat reasonably
into the data.

For all the regressions, any time the same variable appears on both the left- and right-
hand sides of the regressions (e.g. vol;_; in (27)), we enter it with one additional lag
to avoid any bias coming from measurement error. Similar results hold when using the
second lag as an instrument for the first lag.

In constructing conditional moments, our baseline is to forecast realized moments using
information from option prices. That is, the moments are conditional on linear functions
of option-implied moments. That allows for some variation in risk premia, but only to the
extent it can be spanned by the option moments themselves. As an alternative, we also
project the realized moments on lagged realized moments, the Baa—Aaa credit spread,
the one-month lagged CAPE from Shiller, and, for natural gas, the log futures-spot basis.

A final but critical point to note is that the results on moments in the model are all
for a time horizon approaching zero, whereas in the data we follow the typical practice of
using a one-month horizon. That naturally creates a potential wedge. To address that,
below we replicate the empirical regressions in the quantitative simulations. The reason
we report results constructing conditional moments only from option information is that

that procedure can also be implemented in the simulations.

7.3 Results

7.3.1 K9 regressions

Table 3 reports results of the regression implied by (27). Theoretical values for the
coefficients are listed on the left side of the table. The first and third columns report the
baseline results. The coefficients are highly statistically significant and have the expected

signs. Under the model, if the various assumptions made to derive the regression setup
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are true, the coefficient on %skewtdpt should be equal to 1, and in both cases that is
a very good description of the data. Looking at the top panel, the coefficient is 1.03
with a standard error of 0.02 for the S&P 500 and 1.04 with a standard error of 0.05 for
natural gas. The results are similar in the bottom panel using a richer set of predictors
to construct the conditional moments.

That coefficient tests the hypothesis discussed in corollary 2 that skewness and the
leverage effect coefficient should be proportional, since %sk:ewt here is playing the role of
the leverage effect coefficient. There are really two key features of the model that generate
that prediction: that returns and their volatility are jointly driven by the same shock (i.e.
the same Brownian motion), and that they jointly follow a diffusion. The equality of that
coefficient with 1 is therefore not a test of the model’s detailed learning specification but
rather its assumption that prices and volatility are driven by the same diffusion.

A stricter test of the model is its implication that the volatility dynamics are quadratic.
To evaluate that, the second and fourth columns of table 3 include both vol?_, and vol;_».
The two regressors are highly collinear, so the individual coefficients are estimated much
less precisely. For the stock market, the coefficient on vol;_s is essentially zero, as the
model predicts, while the point estimate on vol? , remains negative and close to its value
in column (1), and the fit is unchanged. For natural gas the quadratic term remains
negative and statistically significant, though the linear term also enters with a small
positive coefficient. The results are again highly similar in the top and bottom panels.

The estimated coefficients on vol? map to —oy" in the model. The confidence band for
the stock market implies a value for oy between 1.17 and 3.60, somewhat below (though
of the same order of magnitude as) the value of 4.5 used in the simulations in the previous
section. That wedge could be due to a gap caused by mismatch between the horizon of
these regressions compared to the theoretical limit of zero time horizon (see section 7.4).
For natural gas, the mean reversion of volatility appears much slower, which implies that

oy is larger and that investors have less precise signals about fundamentals.
7.3.2 k3 regression

Table 4 reports results of the regressions in equations (28) and (29). The rows are labeled
as Kat—1dp; and 3Kkg 4 1K34—1dt terms. They involve different regressors since the moments
can be measured in different ways, but under the model the coefficients should be equal.
The theoretical values are noted on the left side of the table. Additionally, the dt coefficient
should be equal to the coefficient on vol? , in table 3 — in both cases equal to —oy".

Column (1) reports results for Avvol; on the left-hand side. The 4 —1dp; coefficient
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Table 3: Volatility regressions

S&P 500 Natural gas
Theoretical val. (1) (2) (3) (4)
Panel A: implied-moment predictors only
Vol?, —oy! —0.5670***  —0.3993  —0.1370*** —0.6099**
[0.1475] [0.4802] [0.0401] [0.2520]
s Skew,_1dp, 1 1.0298***  1.0296***  1.0355%**  1.0342%**
[0.0248] [0.0247] [0.0531] [0.0530]
Vol;_o 0 —0.0056 0.0346**
[0.0117] [0.0163]
Observations 9126 9126 8303 8303
R? 0.5891 0.5891 0.2164 0.2180
Panel B: additional predictors
Vol? , —0y —0.3956* —0.2734  —0.1736*** —0.6957**
[0.2190] [0.5252] [0.0450] [0.2875]
#ﬁskewt,ldpt 1 1.0231%**  1.0229%%F  0.8987***  (.8975***
[0.0342] [0.0342] [0.0480] [0.0479]
Vol;_o 0 —0.0055 0.0370%*
[0.0148] [0.0181]
Observations 9064 9064 7249 7249
R? 0.4443 0.4444 0.1992 0.2011

Note: Daily regressions of first differences in volatility (for S&P 500 and natural gas) onto different
predictors. In panel A the risk-adjusted moments are constructed by projecting realized moments on
option-implied moments only; in panel B each projection additionally conditions on predetermined
predictors: its own trailing 63-day realized moment, the Baa—Aaa credit spread, one-month-lagged
CAPE and, for natural gas, the log futures—spot basis (which limits that sample to 1997 forward, when
the Henry Hub spot series begins). Stars indicate statistical significance: * p<.1, ** p<.05, *** p<.01.

is, as predicted, reasonably close to —1. The 3K9;_1k3;-1dt coefficient is —0.39 in the top
panel and —0.25 in the bottom panel. That is smaller than the value in table 3, but the
hypothesis that they are equal is not rejected in either case. So not only does the model’s
prediction for the form of nonlinearity in the dynamics appear to describe the data well,
but also the magnitudes are linked across equations.

Column (2) reports results from the regression based on equation (28). In this case, the
3ko—1K3—1dt coefficient is again consistent with the one in table 3 and it is also consistent
with column (1) in table 4. On the other hand, the coefficient on r4,_1dp;, which should
be equal to —1, is instead close to zero. One view of this is that it is a rejection of the

model. At the same time, conditional skewness is the most difficult moment to estimate
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Table 4: Third-moment regressions

Avvol; A [ﬁvoltskewt}
Theoretical val. (1) (2)
Panel A: implied-moment predictors only
Kai—1dp; -1 —0.7495%** —0.1240%**
[0.0682] [0.0335]
3kt 1kz s 1dt —oy" —0.3895%** —0.4213%**
[0.1394] [0.1618]
p-value: dt coef. = Vol? , (table 3) 0.101 0.528
Observations 4885 4912
R? 0.4213 0.0190
Panel B: additional predictors
Ky t—1dp; -1 —1.0474%** 0.1826***
[0.0436] [0.0220]
3k 1kzs 1dt —oy? —0.2464%* —0.2530*
[0.0997] [0.1313]
p-value: dt coef. = Vol?_, (table 3) 0.278 0.601
Observations 4903 4903
R? 0.4357 0.0425

Note: Daily S&P 500 regressions of the model’s two representations of the third-moment dynamics:
column (1) has the change in the volatility of volatility on the left-hand side (equation (29)); column
(2) the change in B—Jﬁvoltskewt (equation (28)). Constants are estimated but not reported. Panels
A and B are constructed as in table 3. The return terms use the risk-adjusted skewness of volatility,
constructed from VIX options like the other conditional moments, smoothed over 63 days. Stars
indicate statistical significance: * p<.1, ** p<.05, *** p<.01.

in the data, both because it is sensitive to the prices of deeply out of the money options
and also because realized skewness, being a higher power, is much noisier than realized
volatility. Equation (28) has three more instances of conditional skewness than equation
(29), and the coefficient that is most problematic involves a product of two different
conditional skews.

When estimating oy from the coefficients on 3kg;_1k3,_1dt as was done with the
results in table 3, the confidence bands for oy implied by the regressions in table 4 are
[1.51,8.60] and [1.35,9.60], which both contain the value of 4.5 used in the simulation.

Overall, the model’s predictions hold both within and across the three regressions
with the exception of the r4.dp; coefficient measured from an interaction of conditional
skewness terms. While, as noted above, the ky regression results by themselves hold as

long as volatility and returns are well described as being jointly driven by a single diffusion,
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the link in the coefficients across the ko and k3 regressions is a tighter prediction of the

model.

7.4 Comparing the empirical regressions to the simulated model

As noted above, one wedge between the regressions and the theoretical predictions from
the model is that the empirical regressions are based on conditional moments for returns
over the next month (then properly rescaled), whereas the predictions are limits as
the time horizon goes to zero. It is straightforward, though, to implement exactly the
same procedure used to generate the regression results in the simulations of the model.
Specifically, that can be done for the version of the regressions where the predictors for
the realized moments are the option-implied moments, since those can be calculated in
the simulation.

Table 5 reports regressions using identical methods in the data and the model. The
numbers in brackets for the model columns are 95% sampling intervals, where each
simulated sample is the same length as the empirical data. For the ko regressions, the
data estimate for the coefficient on lagged vol? is nearly identical to the average from the
simulations. The coefficient on skew;_;dp; in the data is very close to 1, but larger in the
simulations. That same phenomenon occurs for the k3 regression in the bottom panel of
the table. Notably, that regressor is the one with skewness in it, and so it is possible that
measurement error attenuates the coefficient.

Finally, the drift coefficient in the bottom panel is, similar to the top panel, very close
to the value from the simulations. The two drift (dt) coefficients are theoretically related
to oy, since they determine the rate of mean reversion in the moments. The fact that the
values from the simulations are consistent with what is observed empirically validates the

calibrated choice of oy-.

7.5 Estimates of investors’ uncertainty about fundamentals

The estimated regression coefficients on vol? | give an estimate of —oy ' at the daily level
(given that these are daily regressions), which can then be combined with the volatility
and skewness of stock market returns to reveal the standard deviation and skewness of

agents’ posteriors for fundamentals. Specifically, recall that when a; = 0,
vol; = Ky 0y = Iﬁ;/f = (UOlth)1/2 (30)

and that the scaling of the estimates is for a unit time interval being equal to a day.
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Table 5: Volatility and third-moment regressions: data vs. model
Panel A: volatility regression (k2 equation)

Avol,
Theoretical val. Data Model
Vol?, —oy" —0.5670 —0.5173
[—0.9342, —0.2866]
?fﬁskewt_ldpt 1 1.0298 1.4791
[1.1752, 2.0232]
Observations 9126 9126
R? 0.5891 0.8500
Panel B: third-moment regressions (k3 equation)
Avvoly A [glﬁvoltskewt}
Theoretical val. Data Model Data Model
Kag—1dp; -1 —0.7495 —1.0809 —0.1240 —0.9141
[—3.0235, —0.3944] [—2.6853, —0.1552]
3Ko —1Kg—1dt —0{,1 —0.3895 —0.4693 —0.4213 —0.7176
[—1.0194, —0.1305] [—1.5755, —0.2050]
Observations 4885 4885 4912 4912
R? 0.4213 0.6797 0.0190 0.5264

Note: Each panel pairs the empirical point estimates (“Data”; standard errors and significance levels
are reported in tables 3 and 4) with the identical procedure applied to the model’s simulated path
(“Model”). Brackets are the 2.5th and 97.5th percentiles of the simulated coefficient distribution. The
top panel repeats the S&P 500 volatility regression of column (1) of table 3; the bottom panel the third-
moment regressions of table 4 (both from the implied-moment-predictors-only specification, panel A of
those tables). Constants are estimated but not reported.

oy is between 1.17 and 3.60, based on confidence band for the coefficient on vol? ,
in equation (27). Taking equation (30) and inserting the value for oy along with the
historical daily standard deviation of stock returns in our sample, 1.14 percent, implies
that agents’ posterior standard deviation is between 11.5 and 20.3 percent. The +2
standard deviation range for fundamentals around the current price for the aggregate
stock market is then between +23.1 and +40.5 percent.

Similarly, we can get an estimate of average skewness in beliefs. One-month conditional
return skewness is historically approximately —1. Plugging that into (17) along with the
estimates of ko and oy yields an estimate for the skewness of fundamentals between —0.74
and —1.29. In the time series, the estimate of conditional skewness of fundamentals is
proportional to the conditional skewness of returns divided by the square root of the
conditional standard deviation of returns.

These estimates are both notable because they are independent of the model for x —
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in that sense they are model-free. What they depend on is just the information structure
the paper assumes, which is that prices are driven by a single composite signal that is

Gaussian conditional on z.

8 Conclusion

This paper’s main results are fundamentally about how information affects beliefs in
a very simple but standard Bayesian filtering setting. The analysis is motivated by
the highly nonlinear behavior of the stock market, and it shows that belief dynamics
under information acquisition explain many of those nonlinearities, both qualitatively
and quantitatively. While many of the results here have been shown to hold in specific
learning settings, the contribution of this paper is to show that they are generic predictions
and to give necessary and sufficient conditions for the model to match features of the data
like the leverage effect.

The results are much more broadly applicable, though. Obviously there are many
other financial markets that display different forms of nonlinearity, and it is natural to ask
how well the filtering mechanism works in those settings. Discrete information revelation
events play no role in the analysis of this paper, but are certainly much more important

for individual stocks.
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A  Proofs

A.1 Proof of theorem 1

A.1.1 Assumptions

Assumption 3 Let ¢, = exp(iwr;) denote the compler exponential of x;. For any w,
there exists an adapted process G, s satisfying f(f E[|Gws|*]ds < oo for all finite t such that
Gt — Puo — fot Gu.sds is a right-continuous square-integrable martingale. Moreover, the
map w — G, 1 is n times differentiable in a neighborhood of zero with its derivatives up to

order n locally dominated by integrable processes.
t

Assumption 4 / E[z%)ds < oo for all finite t.
0

Assumption 5 Let (W, exp(iwx)) denote the predictable quadratic covariation of W and
the process exp(iwzx). The map w +— d{(W,exp(iwx));/dt is n times differentiable in a
netghborhood of zero with its first n derivatives dominated by conditionally integrable

random variables.
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A.1.2 Intermediate results

Lemma 1 Let g, (w) = Elexp(iwz,)|Y"] denote the characteristic function of the posterior
distribution of x; conditional on Y. If assumptions 3 and 4 are satisfied, then

dg, () = By [d exp(iw)] + (Et {dW’ exdi(iw»”ﬂ))t} . covila, exp(ith))) dY; — Ey[z)dt

9

Oy Oy

(A.1)
where Ky and cov, denote the expectation and covariance operators, respectively, conditional
on Y, and (W,exp(iwx)) denotes the predictable quadratic covariation of W and the

process exp(iw).

The lemma follows from theorem 8.1 of Liptser and Shiryaev (2013) by setting h; —
Gutr &t — Yo, Ar — x4, and By(§) — oy. We proceed by verifying that conditions (8.1)-
(8.9) of Liptser and Shiryaev (2013) are satisfied. Equation (8.2) is simply equation (6)
of the paper in integral form. Assumption 3 implies that conditions (8.1) and (8.7) are
satisfied. The first part of condition (8.3) and condition (8.8) are satisfied by assumption
4. The second part of condition (8.3) and conditions (8.4), (8.5), (8.9) are satisfied since
oy is time invariant. Condition (8.6) is satisfied since ¢,, , is a bounded function. Finally,
theorem 8.1 gives, in differential form,

(W, exp(iwx))t] | cove (:ct,exp(ith))> dY; — By[x]dt
dt '

dEt[exp(iwwt)} = ]Et [gwﬂg]dt“‘ (Et |: -
Y

(A.2)

On the other hand, by the definition of G, ;, dexp(iwz;) — G, dt = dM,,;, where M, ; is

a right-continuous martingale. Therefore, E,[G,, ;|dt = E.[d exp(iwz)].

Oy

Lemma 2 Suppose assumptions 5-5 are satisfied. Let ki, denote the kth cumulant of the
posterior distribution of x; conditional on Y. Suppose the (n + 1)th posterior cumulant

exists and By[d(x])] exists for each j < n. Then for every k < n,

k N
k . Py
dkge =) (;) Bij (=F1g, .-y —kn—je) Bed(x])] + ';Z“ (dY; — Eylz]dt)
j=1 Y
k
1 k
— a7 . RjtFk—jio,.dt, (A.3)
20,%/ = <] _ 1) J 7+
where
k—1 .
~ k —1 d(W, .I'j>t
Kkt = Kgt + Oy ; ( j ) Bk—l—j (—/ﬁ,t, cee —fik—l—j,t) E, {T ) (A~4)

for 2 <k <n-+1 and B; denotes the jth complete exponential Bell polynomial.
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The result follows from applying It6’s lemma to lemma 1, yielding

, E, [d<w,exp<iwx>>t}
dlog o, () = CHdOPlwn)] - AY: = Edfreldt
’ E;[exp(iwzy)] Eq[exp(iw,)] gy
covy(zy, exp(iwry)) dYy — Eqy[x|dt
E[exp(iwwy)] oy
' 2

1 ]Et [M] COVt(xta exp(ith)) dt A5
2 E[exp(iwzx;)] oyE[exp(iwz,)] (45)

and then taking derivatives of both sides.

We begin by verifying existence. By assumption, the posterior distribution of z;
conditional on Y has n + 1 moments. Therefore, the posterior also has n + 1 cumulants,
the corresponding characteristic function has n+1 derivatives at w = 0, and the cumulants

are related to the derivatives of the characteristic function through

et

dwk

for any k < n+1 (see chapter 2 of Lukacs (1970) for the results on characteristic functions

Kt =1 log ¢, 4(w) (A.6)

w=0

and cumulants used here). Taking the It6 differential of the above equation (and applying

the dominated convergence theorem to switch the order of d and d*/dw*),

_, dF
dks =1 kw (dlog @x,t(w)) (A.7)

w=0

The remainder of the proof calculates the kth derivative of the right-hand side of (A.5)
for k <n.

For the first term, the second part of assumption 3 implies that, for any w in a

sufficiently small neighborhood of the origin,

n

()] + ofw™). (A3)

Eldexplivn)] = >
Therefore,
" : o\ (iw) ™" j & k
MEt[dexp(zth)] » =1 ; = k>!Et[d(xt)] . = "E[d(x})]. (A.9)

The Leibniz rule then yields

_ Z (k}) <ddwk_ijt[dexp(iw3Utﬂ

w=0 =0 J

d* Ey[dexp(iwz,)]

dw® Eylexp(iwzy)] dw?

w_0> (dj (Eq[exp(iwz,)]) " w_0> .

(A.10)
Finally, note that (E[exp(iwz,)]) " = exp (—log ¢, ,(w)) and that the complete exponential
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Bell polynomials can be used to transform the right-hand side of (A.10) into (see Comtet
(1974) section 3.3)

d* Ey[d exp(iwz;)]
dw” Elexp(iwzy)]

i ’fz( )Bk i (=R1gs e =) Beld(2])). (A.11)

For the second term on the right-hand side of (A.5), the differentiability and domination
assumptions on d(W, exp(iwzx));/dt imply that, for any w in a sufficiently small neighborhood

of the origin,

E, [d<W, excz(iwx)%] _ g (i;)jEt {dmgtx%} + o(w"). (A12)
Since d(W,2%); = 0,
dakat {d(W, eiz(iwm))t} - [d(ﬂgtxk)t} (A13

The same argument as for the first term then yields

d(W,exp(iwx))¢ .
dr Eu [ } d(W, x?
n = 'lk Z Bk J —R1ty ey _’%k*jvt) Et {%1 . <A14)

dt
Denoting the sum on the rlght—hand side by A, the kth derivative of the second term in
(A.5), evaluated at w = 0, is i* Ay (dY; — Ei[z]dt) Joy.
For the third term on the right-hand side of (A.5), we have

dw*  E[exp(iwx)]

covy (g, exp(iwry)) Bz explivz,)]

— Eifzy] = i_li log o, ;(w) — E¢fze].  (A.15)

Eiexp(iwz,)]  Eexp(iwzy)] dw
Therefore,
d* covy(zs, exp(iwmy)) _, dFt .
’ = l =i A.16
dwk  Eexpliwzy)]  |,_, ' dwh+1 08 ¥z 1w )w:o U Kk+1,t) ( )

and the kth derivative of the third term in (A.5), evaluated at w = 0, is *kpy14(dY; —
Eq[z;]dt)/o%.. The derivatives of the second and third terms combine to i*&y,+(dY; —
E,[z|dt)/c}, where Ry = Kkis + oy Ng_1,4.

Finally, for the fourth term in (A.5), the Leibniz rule combined with the results

above gives

2
d{(W,exp(iwz))¢
& [ E [_ 7 ] covy(zy, exp(iwxy))
. \ (A.17)
dwk E;[exp(iwx;)] oy Eq[exp(iwz,)] w=0
et . i
_ ik Ar r+1,t A . k—r+1,t Al
Z()( o T (g T (A18)
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k ~ o~
= ¢ ( g >—’£j’t“’“;j+2’t. (A.19)

j=2 J— 1 Oy

Putting everything together and canceling the i* constants completes the proof of the

theorem.
A.1.3 Proof

Assumption 3 implies that z is a semimartingale with no fixed-time jumps. By Ito’s
lemma for semimartingales (Protter, 2005, p. 79),
t
ol =2l + j/ /" dag + Ay, (A.20)
0+

where A; is a finite variation process. By bracket rule for stochastic integrals (Protter,
2005, p. 75), for any j > 1,

d(W, 2 .

% = jol oy (A.21)
Since z has no fixed-time jumps and oy is Y-measurable,

d{W, 7 , -

Therefore, using Et[:ci] = Bj(K14,... k), forall 3 <k <n+1,

k—1 .
k—1 d(W, 27
Z ( j ) Bk—l—j (—IiLt, ooy _’ik—l—j,t) Et {%} <A23)

Jj=1
k—2

k—2
= Oét(l{} — 1) Z ( ] > Bk_Q_j (—lil,t, ey —Iik_g_j’t) Bj ("il,ta ey Iij’t) <A24)

j=

= ay(k —1)By_2(0,...,0) =0. (A.25)
Therefore, Ry = ki for all 3 <k <n + 1. On the other hand,
d(W,
Kot = Koyt + oy BolE, {%} = Kot + OyQy. (A.26)

Substituting these expressions for R into lemma 2 yields equation (11).

A.2 Proof of proposition 2

The dynamics of the first moment are as in theorem 1 with a; set equal to atO';lligyti
dp; = ko (14 ay) 0y2 (dY; — B[] dt) + B [dy] . (A.27)

Taking the conditional expectation of the above expression yields E, [dp;] = E; [dz;]. The
expression in the proposition follows by substituting for E; [dz;| with E, [dp,].
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For the second moment, we simply need to show that
2/ ‘
> (;) By_j (=R, ..., —koji) Beld(z])] = var, (dx,) + 2 cov, (z—,dz,) . (A.28)
j=1
The left-hand side of the above expression equals E;[d(z?)] — 2E;[x;]E¢[dz;]. Assumption
3 implies that z; is a semimartingale of the form z; = xq + M; + A;, where M, is a

right-continuous martingale and A; is an absolutely continuous process. By It6’s lemma

for semimartingales (e.g. theorem 32 of Protter (2005)),
E[d(2?)] = 2F[x, dx] + var, (dx;), (A.29)

where z;- = limgy 2, and var, (dz;) is the shorthand for E,[d [z],]. By assumption 3,
ry = x4- + AM;, where AM,; denotes the time-t jump of M. Since Y; is a continuous

process, its natural filtration is continuous. Therefore,
Et[AMt] - Et[AMt’Yt] - Et[AMt|Yt_] - 07 <A30>

where the last equality is a consequence of the fact that M is a martingale. Thus,

Et[l’t] = Et[l't—], and so
E[d(z2)] — 2Ey[x,|Eq[dx,] = var, (dx,) + 2 covy (24—, dxy) (A.31)
where covy (24, dzy) = Eyfx-day] — Byxy- |Ey[day).

Finally, the dynamics of the third moment are as in theorem 1 with «; set equal to

-1
10y Ragt-

A.3 Proof of corollary 1

Since a; is absolutely continuous, it is a finite variation process and therefore d[a, ko], = 0,
where [a, k2] denotes the quadratic covariation of a and ky. Using equation (13) and the

product rule,
d(voly) = (1 + a;) 0y dka s + oy Ko day. (A.32)
Equation (8) implies
dp; — Beldpy] = ko (14 ap) 032 (dY; — Ey[zy]dt) . (A.33)

Substituting equation (9) into the first expression and using the above equation together

with vol? = k3, (1 + a;)? 0> gives equation (14).
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A.4 Proof of proposition 3

Since a; is absolutely continuous, all terms in equation (14) other than the first are finite

variation and therefore do not contribute to the instantaneous covariance with dp;. Hence,

covy (dpy, dvoly) = 0;1% var; (dpy) . (A.34)
2t

Dividing both sides by var,; (dp;) gives equation (15).

A.5 Proof of proposition 4

Let dW; = (dY; — E;[x]dt) /oy denote the innovation process. The second order Ito-

Taylor expansion of the price process using proposition 2 gives
Ei[(ptsar — ]Et[pt+At])2] =(1+ at)2/€§,t0;2ﬁt + o(At), (A.35)
and

Et[(Pt+At — E; [pt+At])3]

(1 + a;)k3 05>

— E, (AT — At)) +o(A?)  (A.36)

((1 + ay) Kooy AW, +

=3(1+ at)3/€g7t1637t0‘;4At2 + o( At?). (A.37)
Therefore,

~1/2 _ E[(pe+ar — Et[pt+At])3] (AYf)il/2 K3t _q

=3—0y to(l). (A38
(Et[(pt-l—At—Et[pt+At])2])3/2 +o(1) ( )

Sk@u]t (pt-i—At) (At) e
it

A.6 Proof of proposition 5
Using vol; = kg, (1 + a;) 03" and applying the same second-order expansion to the volatility
process,
E[(volyyne — Eq [volt+At])2] =(1+ at)Qﬁg’ta;‘lAt + o(At), (A.39)
Ei[(volyyar — Eefvoliiad)®] = 3(1 + at)3K§7tf€47tU;7At2 + o(At?). (A.40)
Therefore, for k3, # 0,

B 3 ~1/2
~1/2 _ E[(volyrar — Ei[voliyad)’] (Al) _ g ol +o(1). (A41)

skew; (voliyar) (At)
(Et[(v0lt+At — Et ['UOltJrAtDQ])ig/Q |"£37t|
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B Additional derivations

B.1 Equation (27)

Starting from equation (14) and setting a; = 0,

d[voly] = 0;1% (dp; — Eqi[dpy]) — oy wolidt + oy (vary(day) + 2 covy(z-, day)) . (B.1)
2t

Equation (17) implies that

_1h3¢ 1
—= = —skewy. B.2
oy . 5 Shew, (B.2)

Therefore,
1
d[vol;] = gskewt (dp: — Eildpy]) — oy volZdt + oy (var,(dxy) + 2 covi(w,-, dxy)) . (B.3)

If = has independent increments, then covy(xs-,dz;) = 0. If its increments are also

stationary, then var,(dz;) is a constant.

B.2 Equations (28) and (29)

By It6’s lemma for semimartingales (e.g. theorem 32 of Protter (2005))
d(x?) = 22, dz, + d[z];, (B.4)
and

d(z}) = 3z} dx, + 3z,-d[x); + d ( Z (AIS)S) : (B.5)

0<s<t

where Az, denotes the time-s jump of z. Since x has independent increments,

]Et [d(xf)] = QEt[xtf]Et[dxt] + Et[d[l']t], (B6)
and
E[d(z})] = 3B [a |Ei[day] + 3K [z~ E[d[x),] + E, |d < Z (A:ps)3)] , (B.7)
0<s<t
Assumption 3 implies that x has no fixed-time jumps. Therefore, E;[x;-| = Ei[z¢] = K14
and E,[z7_] = E¢[27] = k], + ko It follows that

3(Ee[x4)? — ko) Ee[dry] — 3Ei[w | Ee[d(z7)] + Ee[d(z})] (B.8)
= 3(/{%7,; — kot )Ei[dzy] — 3Ky (261 1B [dy] 4+ Ei[d]x]:])

+ 3(5%715 + /fgyt)]Et [d$t] + 3/4317,5]Et [d[l’]t] + Et
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- E,

d ( > (Ams)?’)] . (B.9)

0<s<t
The final expression is a constant multiple of dt because the increments of x are stationary.

Equation (10) can then be written as
drzs = cons + k07 (dY; — Bexg]dt) — 30y kg ks dt. (B.10)

From equations (17) and (13),

skew,vol, = 30;21433,15. (B.11)
Therefore,
d[skewyvol;| = cons + 3/<a47ta{,4 (dY; — Eilzg)dt) — 90;4/£27t/137tdt. (B.12)
Using equation (8),
dp; — Ei[dpy] = ko 0y” (dY; — Ey[zs]dt) (B.13)
S0
d[skewyvol;| = cons + 3%0,,2 (dp; — Byldpy]) — 90y ko gkiz et (B.14)
Equations (17) and (20) imply
3&0{,2 = sign(skew;)skewvol, (lskewt> , (B.15)
Kot 3
while
903 kg iz = 30y skewgvol?. (B.16)
Hence,

1
d[skewyvol;] = cons + sign(skew;)skewvol, (gsk:ewt) (dpy — E¢[dpy]) — BU;lskewtvoltZdt.

(B.17)
Equation (19) implies
vvol; = oy ksl (B.18)
As long as k3, # 0 and does not change sign locally,
dlvvoly) = oy sign (ks drs . (B.19)

Using equation (10) and the assumption that x has stationary and independent increments,

d[vvoly| = cons + 0;4 sign(kg)kae (dY; — Eyfay]dt) — 30;4%2,t|/<3¢|dt. (B.20)
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Equation (8) implies

d[vvoly] = cons + Sign(/ﬁgyt)%ay2 (dpy — Ee[dpy]) — 30y Ko |ks4|dt. (B.21)

While equations (19), (20), and (13) imply

1
_ Kag _o . 3skewwvol; vvol;
sign(ks ) —=o0y- = sign(skew)

k] Y l

Kot Vol

: (B.22)

and
305 Ko t|k3| = 305 volwvol,. (B.23)
Therefore,

d[UUOlt] = cons + Sign(skewt) 33 EWVOLy VVOLy

; (dp; — Eqi[dpy]) — 305 volyvvol,dt. (B.24)
VOt

C Solving the filtering problem in logs

This section analyzes the filtering problem without applying the approximation in equation
(4) (and we note here again that the simulation in section 6 does not use equation (4)
either). Specifically, instead of assuming p, = E; [z;], we set p; = logE; [exp(z;)]. We
assume that the posterior cumulant generating function is analytic on a neighborhood of
the closed unit disk and set a; = 0 for simplicity. Then we obtain the following counterpart

to corollary 1.

Proposition C.1 vol; follows a dz’ﬁusz’on satisfying

1 ¢ :
d (voly) = —) T Z < ) Bi—j (=K1y -y —Fk—jt) Ee[d(x])]
k=2
n ig i Kk+1,t (dY; — Ey[a)dt)
oy = (k—1)!
o] k
1 1 k
— , Kjthk—jro,edl. (C.1)
20%;(l€_1)!j:2 (J_1> ’ ’

In this case, instead of just depending on the third moment, the sign of the leverage

effect is more complicated. In particular, the analog to proposition 3 is

cov (dpy, dvol,) > hes R;fﬁ)t'

T Oy (C.2)
var (dp;) Zk:l o v
and the equation in proposition 4 then becomes
Zk 2 ( s t
lim sk Aty = oL .
lim skew, (pr+ac) (At) S5 nk;'u S O (C3)
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What is in the main text has only the leading terms from the two power series. Note also
that these together immediately imply that corollary 2 holds without any changes.

In moving on to the empirical analysis, we have the following modification.

Corollary C.1 The analog to equation (27) is

1
d (UOlt) = (5At1/2> Skewt (thrAt) (dpt — Et [dpt])

1
- /Uoth ( 2’14‘:27t + (gAt—1/2> Skewt (pt+At)) dt

o

(k —1 1)! Z <];> By—j (=#ings - —hip—jo) Bild(@])].  (C4)

o
R

The first term is identical to the first term in regression (27). In other words, the
pr = E[x; | Y] approximation has no bearing for the relationship between the leverage
effect and return skewness. The second and third terms are different from those in (27).
However, assuming that rj; is small for all £ > 4, the price is a martingale, and x; has
stationary and independent increments, we have

1 1 1
d (voly) = (gAtl/Q) skew; (praat) dpy — — (1 + oy <6At1/2) skew, (pHAt)) vol dt
Oy
+ constant - dt, (C.5)

which is identical to (27), except for the oy (%At‘l/ 2) skewy (py1a¢) correction in the
coefficient of vol?. The p; = E; [r;] approximation introduces a Jensen’s inequality error
term that has an expansion in the cumulants; oy (%At‘l/ 2) skewy (piya¢) is the leading

term in that expansion.
D Accommodating the information structure in an

equilibrium model

This section has two parts. First, it shows how to derive equations (4) and (5) in an
endowment economy in which agents price assets based on a single signal, Y. The
basic setup in equation (1) holds in such models, but the restriction to a single signal
in the completely general case is less obvious. Second, it gives a description of how the

information structure assumed in section 3 can be incorporated into more general models.
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D.1 An endowment economy

This subsection gives an example that generates the pricing and information structure in
section 3 in an endowment economy. We start with an otherwise arbitrary endowment
economy with a strictly positive state-price density M,.! Let D, be an exogenous dividend
rate of a redundant asset. We assume that the process for D is independent of the process
for M. The assumption that D and M are independent is particularly natural for a
redundant asset. The state-price density M is determined in the underlying endowment
economy, while the dividend stream D can be viewed as the payoff of a financial claim that
is in zero net supply and whose cash flows can be replicated using securities already traded
in the economy. Introducing such a claim does not change aggregate consumption or the
state-price density. This allows the uncertainty governing D to be specified independently
of the uncertainty governing M.

Let W be a standard Brownian motion that is independent of both D and M. Let
0, = (D>, W?") denote a rich information set, where D> denotes the entire path of the
dividend process and W' the history of W through ¢. Define
* My,

s=0 t

Xt =K |: Dt+5d8 | 0t:| . (D]_)

Since 6; contains no information about the state-price density,

Xt:/ E{Aj}“}E[Dtﬂwt]d& (D.2)

=0 t
Suppose X; > 0 and let x; = log X;. Define the signal process by

dY; = zdt + oy dW;. (D.3)

Since z, is a function of the dividend path and W contains W, for every s < t, the entire
history Y is automatically contained in ;.

Let Z; denote a filtration that only has information about the discount-factor process.
Suppose the traders price the dividend stream using Z; together with the information in
Yt so that

M s
P,=FE / Dy uds | T, Y (D.4)
s=0 Mt
We impose the following restriction:
MtJrs MtJrs
E Z,| =E D.5
{ M, | t} { M, (D:5)

'We take the existence of M; as given. This property holds under the usual no-arbitrage conditions.
Complete markets are sufficient, but are stronger than necessary for the argument below.
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for every s > 0. Independence of the discount-factor and dividends then implies

> M
P = / E| =" | Z,| E [Dys | Y] ds
s=0 Mt

- /:o E [Mt“} E[Dyy, | Y] ds. (D.6)

=0

On the other hand, since Y is contained in 6;, equation (D.2) and the law of iterated

expectations imply

E[X,|Y] = /OO E {Mt“} E [E[Dys | 6, | Y'] ds

s=0 M,
— /OZ]E {‘KZ} E [Dyys | Y] ds. (D.7)
Comparing the above expression with (D.6) yields
P=E[X|Y"]. (D.8)
Since X; = exp xy,
pe =log P, = logE [expa; | Y] . (D.9)

Under the approximation in assumption 1, we set

Equations (D.1), (D.3), and (D.10) therefore give the pricing and information structure
used in section 3.

Condition (D.5) can arise in several ways. If Z; contains all available information
about discount factors, it requires the equilibrium term structure to be deterministic,
even though M itself may be stochastic. Alternatively, the traders in this market may not
observe the information that forecasts discount factors, or may not use that information
in valuing the asset. In these latter cases, Z; represents the information about discount
factors that enters their valuation rather than all information available in the economy.
The same information restriction must then apply to the securities that make the asset
redundant, and traders using richer information must not be able to arbitrage across the

two pricing environments, as under market segmentation or trading constraints.

D.2 General setup

For a general model, we retain equation (1),

© My oDy od
Pt:IE[/ DTt 7 | (D.11)
0 M,
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where F here represents the natural filtration induced by Y* (i.e. F; is the sigma-field
induced by Y?). Instead of the § notation, for consistency here, denote a second filtration,
G;, such that F; is coarser than G;. Then define

© My oDy gds
XtEE{/ i|gt 3 (D.12)
0 Mt
dn = fﬂtdt + O'Yth, (Dlg)

where z; = log X, and set M, to be the equilibrium state price process given the filtration
F;. Note that in general models state prices may depend on information, either via
endogenous consumption decisions or because information itself affects marginal utility
(as in recursive preferences, for example).

We then have, by the law of iterated expectations and the assumption that F; is

coarser than G;,

as in the main text. The equations, however, define a fixed point — F depends on Y,
which depends on X, which depends on M, which depends on F.

Such a fixed point obviously need not necessarily exist or be unique in any given
setting. The analysis in the paper is not meant to fully specify the model but rather to
essentially study properties of any model that happens to satisfy (D.14) where F is the
filtration induced by the Y in (D.13).

E Construction of the conditional physical moments

This appendix describes the risk adjustment procedure used throughout the empirical
analysis. The principle is the same for every moment: a realized moment measured over
the following month is projected on the corresponding option-implied moment (and, in the
alternative specification, on additional predictors), and the fitted value of that projection
is the date-t conditional physical moment.

Throughout, one “month” is H = 21 trading days and a year is 252 trading days.
Two specifications are estimated for every moment. The implied-moment-predictors-only
specification uses only the option-implied moment as predictor. The additional-predictors
specification augments each projection with additional conditioning variables, described

in section E.4 below.
E.1 Option-implied inputs
For the S&P 500, the option-implied inputs are, at each date ¢:
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Implied volatility. The CBOE VIX. The daily-unit volatility state is VIX;/v/252

(where VIX is in percentage points / 100) and the implied one-month variance is

V,=VIX] - 2. (E.1)
Implied skewness. The CBOE SKEW index, converted to a standardized risk-neutral
skewness via the index definition, skew? = (100 — SK EW,)/10. The implied one-month

third moment in level units is

3
ITM, = skew? - (VIXM /22?12) . (E.2)

Implied volatility of volatility. The CBOE VVIX. The daily-unit volatility-of-volatility

state is
VVIX, VIX,

100v/252 /252

(multiplication by the VIX is because VVIX is a VIX-type index for the volatility of
the log return on VIX futures). The implied one-month variance of volatility is W, =
21 - (vvol?)2.

vvol? =

(E.3)

Implied skewness of volatility. A Bakshi-Kapadia—Madan-style skewness of the VIX
extracted from VIX options, interpolated to a constant 30-day maturity (skewO,). The
methods used are those from Dew-Becker (2024). The implied third moment of the VIX
is skewO - Wt3/2.

For natural gas, the inputs are the constant-maturity option-implied volatility and
skewness from CME natural-gas options, defined analogously to the VIX and SKEW
inputs, together with the constant-maturity futures price. The natural-gas return is
the day-over-day percent change of the constant-maturity futures price. No exchange-
traded volatility derivatives exist for natural gas, so only the volatility and skewness are

constructed for that market.

E.2 Realized moments

Realized variance. The realized one-month return variance is the sum of squared daily

log returns,

H
RVip =Y riyy,  ra=log(1+ R.). (E.4)
j=1
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Realized third moment of returns. Realized skewness is measured with the model-
free realized third moment of Neuberger (2012). For a fixed horizon, Neuberger shows
that

H
m® = 3[R 48808 (@~ 1], K@) =66 —2 +r+2),  (E5)

j=1
is an unbiased measure of the third moment of the cumulative return, where v¥ is the
entropy implied variance of the remaining life of the window. Because the VIX is built

L not v¥. Neuberger’s equation

from the log contract, VIX? measures the log variance v
(14) links the two through the implied third moment, ITM = 3(v¥ — v%), so the entropy

variance is constructed as
vf =V, + LITM,. (E.6)

In addition, equation (E.5) requires the implied variance of the remaining life of a fixed
window [t, t+ H], whereas the data are constant-maturity (always H-day) variances. The
fixed-horizon variance path is therefore synthesized by flat term-structure extrapolation:
on day t + j of the window, the variance of the remaining H — j days is approximated as

vj:%vﬁj, j=0,... H, (E.7)
so that a variance shock on day j is weighted by the fraction of the window it still
affects, and one day of variance rolls off deterministically each day. The increments

AvF = v; —v;_; enter equation (E.5).

Realized variance of volatility. The realized one-month variance of volatility is
H

RWypr =Y (Awoll,)?, (E.8)

Jj=1

where vol® is the risk-adjusted daily volatility constructed in section E.3.

Realized third moment of volatility. For the third moment of changes in volatility

(an arithmetic rather than logarithmic quantity), Neuberger’s arithmetic version applies:

H
mg_)ivol _ Z [(AXHj)s +3AV AXt+j]v (E.9)

j=1
where X is the raw (risk-neutral) daily volatility V' 1.X/1/252 and the variance path V; is
the synthetic fixed-horizon path (E.7) applied to the implied variance of volatility W;.

o4



E.3 Projections: implied-moment predictors only

Variances. The realized variances are projected on the corresponding implied variances

with a Gamma generalized linear model:
E; [RViy1] =a+ bV, E: [RWii1] = a+ b W,. (E.10)

We use a Gamma GLM because that respects the fact that realized variance is nonnegative
and highly positively skewed. In general one will expect a and b in both cases to be close
to 0 and 1, respectively, and that the conditional expectations will remain positive (but
see below for a setup that avoids that potential issue).

The conditional physical volatilities in daily units are rescaled fitted values (where

RV, denotes the forecast based on time-t information):
voll =1/ §‘7t/21, vvol!’ =/ Eﬁ/t/Zl. (E.11)

Third moments. The realized third moments are projected on the implied third moments,
m® =a+b-ITM;+¢,  m" =a+b-skewO W +¢,, (E.12)

estimated by maximum likelihood with Student-t errors with five degrees of freedom
rather than least squares: realized third moments are extremely fat-tailed, and a handful
of crisis windows would otherwise dominate the fit, but at the same time the realized third
moment is not constrained to being only positive or negative. The likelihood is maximized
on standardized variables (each variable demeaned and scaled by its standard deviation)
for numerical conditioning, and the fitted values are mapped back to the original units.
The fitted third moments are then converted to standardized skewnesses using the

estimated physical conditional variances from the previous step,

m(?)) m(3),vol
skewf = /\—t3/2, Sl{?GU)Of = /t\—?’/2 (E13)
@) ()

Both the numerator (a fitted physical third moment) and the denominator (a fitted
physical variance) are objects under the physical measure, so the ratio is a physical

standardized skewness.

E.4 Projections: additional predictors

The second specification, which includes multiple additional predictors, changes the projections

in two ways. First, the variance projections switch to a Gamma GLM with log link on
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the logged implied moment,
E[RViy1] = exp (a +bInV; 4+ cln RV 4 dCS, + e CAPEt,lmO) , (E.14)

a power-law specification whose fitted values are positive by construction, to avoid negative
fitted values. Second, every projection (variances and third moments) adds the same three

predictors:

e the projection’s own trailing realized moment: for the variance fits, the trailing 63-
day realized variance rescaled to a 21-day equivalent (RV,"%"); for the third-moment
fits, the average of the three most recent completed 21-day windows of the same
realized third-moment measure (entered in levels, not logs, since third moments are
signed). Whole 21-day windows are used because the Neuberger measure is defined
window-by-window — its drift term uses fixed-horizon weights — and is therefore

not additive across days the way realized variance is;
e the Baa—Aaa corporate credit spread on day ¢ (C'Sy);

e the cyclically adjusted price—earnings ratio (CAPE), lagged one month.

The third-moment projections keep the standardized Student-¢(5) maximum likelihood
estimator; only their predictor set changes.

For natural gas the same two projections (volatility and skewness) add one further
predictor: the log futures—spot basis, In(F;/SH), where F is the constant-maturity
futures price and S”# the FRED Henry Hub spot price. The spot series begins in 1997,

so the natural-gas additional-predictors series start then.

E.5 The risk-adjusted series

Figure E.1 plots each risk-neutral series against its two risk-adjusted counterparts: the
four S&P 500 moments (volatility, skewness, skewness of volatility, volatility of volatility)

and the two natural-gas moments (volatility, skewness).
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Figure E.1: Risk-neutral and risk-adjusted conditional moments
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Note: Each panel overlays the option-implied (risk-neutral) conditional moment with its two risk-
adjusted counterparts: the projection on the implied moment only, and the projection with additional
predictors (own trailing realized moment, Baa—Aaa credit spread, one-month-lagged CAPE and, for
natural gas, the log futures—spot basis, which starts that specification in 1997). Volatility and volatility
of volatility are plotted as annualized percentages (daily level x1/252 x 100).
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Figure E.2: Time from peak to trough in large drawdowns
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Note: The blue line plots the average number of days from peak to trough in the model simulations
for a drawdown (decline relative to the running maximum) of a given size. The average is calculated
using a kernel smoother on the simulated realized drawdowns. The red stars represent the time from
peak to trough for drawdowns observed in the US stock market.

Because the behavior of drawdowns depends not only on the equity premium but also the risk-free
rate, we use the following procedure to put the data and simulation on the same footing. For the data,
drawdowns are calculated based on cumulative adjusted returns, where the adjusted return is defined
as the excess return plus 3.3% per year, which is the average risk-free rate in the sample. In the model,
we set the mean growth rate of prices to be equal to 10.9%, which corresponds to the mean of the
equity premium plus the mean risk-free rate (i.e. the mean total return on equities, corresponding to
¢ in the model). That ensures that both series have the same average growth rate which makes their
drawdowns comparable.
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