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Abstract

In economic forecasting, principal component analysis (PCA) has been the most
prevalent approach to the recovery of factors, which summarize information in a large
set of predictors. Nevertheless, the theoretical justification of this approach often relies
on a convenient and critical assumption that factors are pervasive. To incorporate
information from weaker factors, we propose a new prediction procedure based on
supervised PCA, which iterates over selection, PCA, and projection. The selection
step finds a subset of predictors most correlated with the prediction target, whereas
the projection step permits multiple weak factors of distinct strength. We justify our
procedure in an asymptotic scheme where both the sample size and the cross-sectional
dimension increase at potentially different rates. Our empirical analysis highlights the
role of weak factors in predicting inflation, industrial production growth, and changes
in unemployment.
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1 Introduction

Building on the seminal contribution of Stock and Watson (2002), factor models have become
central to economic forecasting. In this context, PCA has become the predominant method
for recovering latent factors from a large set of predictors and reducing dimensionality.

The theoretical justification for PCA typically relies on factor pervasiveness; see Bai and
Ng (2002) and Bai (2003). Under this assumption, PCA effectively extracts the common
components of the predictors while separating idiosyncratic noise. Recent work, including Bai
and Ng (2023) and Choi and Yuan (2025), relaxes this requirement and shows that PCA can
remain reliable under weaker conditions. Nevertheless, PCA is an unsupervised method and
may fail to identify the most predictive low-dimensional features. When the signal-to-noise
ratio is low, the space spanned by principal components can become inconsistent or nearly
orthogonal to the true factors; see Hoyle and Rattray (2004) and Johnstone and Lu (2009).
We refer to such underlying factors as weak.

This paper studies a setting in which factors are sufficiently weak that PCA cannot recover
them. We propose a new dimension-reduction method based on supervised PCA (SPCA). The
approach begins by selecting predictors correlated with the target before applying PCA, fol-
lowing the idea introduced in Bair and Tibshirani (2004) and formalized in Bair et al. (2006).
Our SPCA procedure extends this framework by incorporating an additional projection step
and an iterative algorithm: we select predictors correlated with the target, extract a factor via
PCA, project the target and all predictors onto that factor, take residuals, and repeat the pro-
cess to recover multiple factors—typically from different predictor subsets. Final predictions
use these estimated factors in time-series regressions.

We justify our procedure in an asymptotic framework where both the sample size and
the cross-sectional dimension increase, possibly at different rates. We show that the iterative
algorithm yields consistent prediction of the target and asymptotically recovers all weak factors

that are relevant for prediction. It does not, however, guarantee recovery of weak factors



orthogonal to the target—though this is immaterial for prediction consistency, as factors
orthogonal to the target do not contribute to its forecasting.

The weak-factor problem in our setting arises from a factor loadings matrix whose singular
values grow more slowly than the cross-sectional dimension. These factors are weaker than
those considered in Bai and Ng (2023), making PCA inconsistent and causing its predictions
to be biased. We show that standard supervised methods, such as Partial Least Squares
(PLS), suffer from the same issue. Our procedure, however, is not intended to detect the
extremely weak factors studied in Onatski (2009), Onatski (2010), and Onatski (2012), where
the eigenvalues of the factor and idiosyncratic components are of comparable magnitude.

Beyond consistency, if each latent factor correlates with at least one component of a
multivariate target, we obtain stronger results: consistent estimation of the number of weak
factors, recovery of the full factor space, and valid prediction intervals. These results do not
require perfect identification of the predictors correlated with the factors (in contrast to Bair
et al. (2006)) and fully account for the errors accumulated over the iterative procedure.

Our empirical analysis applies SPCA to macroeconomic forecasting. We combine the Fred-
Md dataset of 127 macro variables with Blue Chip Financial Forecasts containing hundreds
of professional forecasts of the macroeconomic targets, creating a large predictor dataset.
We forecast quarterly inflation, industrial production growth, and unemployment changes,
comparing SPCA with PCA and PLS. We show that SPCA excels in out-of-sample forecasting
with many potentially noisy predictors.

Our work contributes to the literature on forecasting and dimension reduction, sharing a
core philosophy with methods that “prioritize” predictors by predictive power, such as the
thresholding of Bai and Ng (2008) and the Scaled PCA of Huang et al. (2022), as well as their
extensions to dynamic factor settings (Chao and Swanson (2022), Gao and Tsay (2024), and
Huang and Tsay (2024)). A key limitation of this literature is the restrictive assumptions that

all factors have a uniform order of strength and that a subset of predictors are pure noise.



Our approach relaxes these assumptions and is supported by asymptotic theory in settings
where eigenvalues may grow at heterogeneous and slower rates. Although the weak-factor
issue arises in both static and dynamic factor models—and our procedure applies in either
context—we develop and analyze it within the static approximate factor model.

Our paper relates to spike covariance models (Johnstone (2001)), where the largest few
eigenvalues differ from the others in population yet remain bounded. Bai and Silverstein
(2009), Johnstone and Lu (2009), and Paul (2007) show that the largest sample eigenvalues
and eigenvectors are inconsistent unless sample size grows faster than the cross-sectional
dimension. Wang and Fan (2017) extend this framework to diverging eigenvalue spikes and
derive limiting distributions under general high-dimensional regimes, allowing sample size to
grow much slower than the cross-sectional dimension. Collectively, these papers shed light on
the source of bias in standard PCA across different asymptotic settings.

Besides supervised PCA, another approach to resolving PCA’s inconsistency is sparse
PCA, which imposes eigenvector sparsity (Jolliffe et al. (2003), Zou et al. (2006), d’Aspremont
et al. (2007), Johnstone and Lu (2009), Amini and Wainwright (2009)). Uematsu and Yam-
agata (2022) apply the sparse PCA method of Uematsu et al. (2019) to estimate a sparsity-
induced weak factor model, and Bailey et al. (2021) and Freyaldenhoven (2022) adopt re-
lated frameworks. Since sparsity is rotation-dependent, such methods—unlike SPCA—require
rotation-specific identification assumptions.

Our SPCA procedure is related in spirit to least angle regression Efron et al. (2004) and the
orthogonal greedy algorithm Cai and Wang (2011), which also iteratively select covariates or
linear combinations based on predictive relevance. However, the weak-factor setting we study
differs fundamentally from the data-generating processes (DGPs) underlying these methods,
rendering them ineffective in our environment despite the superficial algorithmic resemblance.

The paper is organized as follows. Section 2 introduces the weak factor setup and our

supervised PCA methodology. Section 3 presents the asymptotic theory. Section 4 reports



Monte Carlo evidence, and Section 5 provides the empirical analysis. Section 6 concludes.

The appendix contains additional empirical results and all proofs.

2 Methodology

2.1 Notation

Throughout the paper, we use (A4, B) to denote the concatenation (by columns) of two matrices
A and B. For any time series of vectors {a;}._,, we use the capital letter A to denote the
matrix (ay, as, - - - ,ar), A for (a14h, agqn, -+ ,ar), and A for (a1, as,--- ,ar_y), for some given
h. We use (N) to denote the set of integers: {1,2,..., N}. For an index set I C (IN), we use
1] to denote its cardinality. We use Ay to denote a submatrix of A with rows indexed by 1.
We use a V b to denote the max of a and b, and a A b as their min for any scalars a and
b. We use the notation x,, < y, when there exists a constant C' such that z, < Cy, holds
for sufficiently large n. Similarly, we use x, <p y, to denote x, = Op(y,). If z, < y, and
Yn S T, We write x,, < y, for short. Similarly, we use =, <p y, if z, <p y, and y, Sp T,.
We use Apin(A) and Apax(A) to denote the minimum and maximum eigenvalues of A,
and use \;(A) to denote its i-th largest eigenvalue. Similarly, we use 0;(A) to denote the ith
singular value. We use || A|| and || A||p to denote the operator norm and the Frobenius norm of
a matrix A = (a;;), that is, \/Amax(A’A), and /Tr(A’A), respectively. We also use || Al[y;ax =
max; ; |a;;| to denote the £s, norm of A on the vector space. We use Py = A(A’A)"'A" and

My = 1; — P4, for any rank-d matrix A with d rows, where I; is a d x d identity matrix.
2.2 Model Setup

Our objective is to predict a D x 1 vector of targets, yr.p, h-step ahead from a set of N

predictors x; with a sample of size T'. We assume that x; follows a linear factor model:

= Bfi + Buwi + uy, (1)

where f; is a K x 1 vector of latent factors, w; is an M x 1 vector of observed variables, u;

is an N x 1 vector of idiosyncratic errors satisfying E(u;) = 0, E(fyu;) = 0, and E(w,u}) = 0.
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Without loss of generality, we also impose that E(f;w}) = 0.!

We assume the target variables in y are related to x through f in a predictive model:

Yirh = O fy + QWi + Zign, (2)

where z;., is a D x 1 vector of prediction errors.

Using the above notation, we can rewrite the above two equations in their matrix form as
X=BF+BW+U, Y=aoaF +a,W+7Z.

We now discuss assumptions that characterize the DGPs of these variables. For clarity
of the presentation, we use high-level assumptions, which can easily be verified by standard
primitive conditions for i.i.d. or weakly dependent series. Our asymptotic analysis assumes

that N,T — oo, whereas h, K, D, and M are fixed constants.

Assumption 1. The factor F, prediction error Z, and observable regressor W satisfy:

|IT'FE — S| Sp T2 || Fllyax Se (log 7)1,

T'WW' -5, <p 772,

IWE| <p T2 21 Sp T2, Zllax Sp (log T)Y2, ([ ZE'|| <o T2, | ZW|| <p T2,

where Xy € REXE Y, € RM*M are positive-definite with A\ (X4) 2 1, Ay (o) = 1

A (Zf) S1,and A (2,) S 1

Assumption 1 imposes rather weak conditions on the time series behavior of f;, z;, and
wy. Since all of them are finite dimensional time series, the imposed inequalities hold if these
processes are stationary, strong mixing, and satisfy sufficient moment conditions. Moreover,
Assumption 1 implies that F’s K left-singular values neither vanish nor explode. Therefore,
it is the factor loadings that dictate the strength of factors in our setting. This is without loss

of generality, since F' can always be normalized to satisfy this condition. Next, we assume

I0therwise, we can define f; = f; — E(fuw])E(ww]) tw; and By = Buw + BE(fiw))E(wew,) ™, then

E(ﬁw,@) = 0 and x; satisfies a similar equation to (1): x; = ﬁft + gu,wt + Uy



Assumption 2. For some 0 < v < 1, the N x K factor loading matrix 3 satisfies: (i) ||8]|yax S

N—v/% (i) Aw (B3 B10)) = No/N", for some index set Iy, where No = [Io| — oo.

Assumption 2 generalizes the traditional pervasive condition in two key directions. First,
the parameter v accommodates weaker loadings, following Bai and Ng (2023). Second, and
more importantly, we require only the existence of a subset I of predictors for which the
factors are strong enough to be recovered by PCA. This is far weaker than assuming uniform
factor strength across all predictors, where \(8'8) =< ... < Ag(8'8) < N'™". As a result,
Assumption 2—which extends Assumption A in Bai and Ng (2023) (the special case Iy =
(N))—allows these eigenvalues to grow at heterogeneous rates, since no restriction is imposed
on fBre). We will make precise statement about the relative magnitudes of No, N, and T,
when it comes to our asymptotic results.

Since the number of factors K is finite, even if each factor is strong only within its own
(possibly non-overlapping) index set, one can still construct a common index set Iy on which all
factors are sufficiently strong.? Assumption 2 nevertheless excludes the extreme case in which
all entries of  uniformly and rapidly vanish—mnamely, when sup (111> N} [T~ * Ak <ﬁfl] ﬁ[ﬂ) =
o(N~") for any N — 00, so that no subset I, with sufficiently strong factors can exist.

Next, we need the following moment conditions on U.
Assumption 3. The idiosyncratic component U satisfies: ||U]|yax <p (logT)? + (log N)'/2.
In addition, for any given non-random subset I C (N) with |I| = oo, ||Uyp|| Sp [1]V? + T2

Assumption 3 imposes restrictions on the time-series dependence and heteroskedasticity of
ug. The first inequality is a direct result of a large deviation theorem, see, e.g., Fan et al. (2011).

The second inequality can be shown by random matrix theory, see Bai and Silverstein (2009),

2To illustrate with a concrete example in the case v = 0, suppose 8 has a block diagonal structure, with
the kth column fj, supported on an index set J;, and with (), Ji = @. Suppose the non-zero entries of 5 are
standard normal. Let k* := arg miny, |J;|. Form Iy by starting with Ji« (so that |Iy| > |Ji+|) and then adding
|Ji+ | arbitrary elements from each Jj for k # k*. Taking the union across all such subsets yields an index set

Iy of size K x |Ji«|, within which all factors are pervasive.



provided that u; is i.i.d. both in time and in the cross-section. While it may be tempting
to impose a stronger condition that uniformly bounds sup;c v, [|Uy|| over all index sets of a

/2 + T2 may not hold in general. In fact, when || is

given size |I|, the desirable rate of |I]
small, Cai et al. (2021) establish a uniform bound that deviates from our non-uniform rate
only by a logarithmic factor. However, for large |I|, no such uniform result exists to the best
of our knowledge. We therefore refrain from imposing any assumptions on uniform bounds
over all index sets. Instead, we impose assumptions only on arbitrary non-random index sets.
Given the tuning parameters of our algorithm (introduced below), each index set it selects
admits a population counterpart that is a deterministic function of the DGP parameters and
the tuning parameters. This allows us to focus exclusively on these non-random index sets in
population; a formal characterization of these sets is provided in Section 3.1.

Similarly, we make the following moment conditions with any given non-random set I.

The conditions should hold under weak dependences among U, F', and W.

Assumption 4. For any non-random subset I C (N) with |I| — oo and 3 # 0, the factor

loading 7, and the idiosyncratic error Uy satisfy the following conditions:

() U A’ e [T, U A log N)V2T/2,

MAX Se (

(i) | BnUin | <o 772

BfnUmH Sp (10gT)1/2,)

Sy U AIH < T1/2,
A Pl d|| Sp

(édt) [|ur || Sp 1,

where B[I] = B/ Hﬂm H is the normalized loading, A is either F, W or Z, and & is any N x 1

unit vector measurable with respect to the o-algebra generated by { fi, us, wt, zen fr<r—h-

The fy-norm bounds in Assumption 4(i) and (ii) follow from Assumptions D, F2, and
F3 in Bai (2003) when I = (N). The MAX-norm bounds can be established using large
deviation results as in Fan et al. (2011). Although we strengthen these bounds to hold for
any non-random subset I C (N), as long as |/| — oo, the same low-level conditions ensure

that Assumption 4 is satisfied for arbitrary non-random subsets I. Finally, Assumption 4(iii)



imposes weak contemporaneous dependence between ur and 2z, as well as weak lagged depen-
dence between up and the remaining variables. This condition is mainly needed to establish
the theoretical validity for forecasting, which again follow from large deviation arguments.

Assumptions 2 and 3 are the key identification conditions of the weak factor model we
consider. It is helpful to compare these conditions with those spelled out by Chamberlain and
Rothschild (1983). We do not require that u, is stationary, but for the sake of comparison
here, we assume that the covariance matrix of u; exists, denoted by 3, and that 5, = 0. By
model setup (1), we have ¥ := Cov(z;) = X8 + 3,. Chamberlain and Rothschild (1983)
show that the model is identified if ||X,|| < 1 and A — oo, which guarantees the separation
of the common and idiosyncratic components in the population model. To implement this
strategy, Bai (2003) provides an alternative set of conditions (Assumption C therein) on the
time-series and cross-sectional dependence of the idiosyncratic components that ensure the
consistency of PCA, but in the case of pervasive factors, that is A (5'5) = N.

In fact, PCA can separate the factor and idiosyncratic components from the sample co-
variance matrix under much weaker conditions. To see this, note that from (1) and 3, = 0, we
have X X' = SFF''+UU +pFU +UF'('. Using random matrix theory from Bai and Silver-
stein (2009), i (UU") <p T+ N, if u; is i.i.d. with ||2,]| < 1. Since TAx(8'B) <p A (BFF'[)
and because of the weak dependence between U and F' as in Assumption 4, the eigenvalues
corresponding to the factor component SFF’3 dominate the three remainder terms that are
related to the idiosyncratic component U asymptotically, if (T'+ N)/(TAx(6'8)) — 0, en-
abling the factor components to be identified from X X’. Wang and Fan (2017) and Bai and
Ng (2023) study the setting N/(T'A\x(8'8)) — 0, in which case PCA remains consistent de-
spite the fact that factor exposures are not pervasive. Wang and Fan (2017) also study the
borderline case N < T Ak ('), and document a bias term in the estimated eigenvalues and
eigenvectors associated with factors.

In this paper, we consider an even weaker factor setting in which N/(TAg(8'F)) may



diverge. In such cases, PCA generally fails to recover the underlying factors (except in the
special case of homoscedastic errors). Instead, we impose later a rate condition on the subset
Iy specified in Assumption 2, such that |Io|/(T'Ak (81, 81r,))) — 0, which guarantees that the

factors remain identifiable on this subset.> We now turn to a description of the methodology.
2.3 Prediction via Supervised Principal Components

One potential solution to the weak factor problem was proposed by Bair and Tibshirani
(2004), namely, supervised principal component analysis. The idea is to first identify a subset
T of predictors via marginal screening, retaining only those with nontrivial exposure to the
prediction target, and then apply PCA. This reduces the dimension from N to |f|, and under
suitable assumptions, guarantees that the selected predictors exhibit a sufficiently strong factor
structure. Consequently, PCA on this subset yields consistent factor recovery.

We use a simple one factor example to illustrate the procedure, before explaining its caveats
with the general multi-factor case. Specifically, we consider the setting with D = K = 1,

a, = 0, and 8, = 0. We select a subset T that satisfies:
~ 1 —
T— {Z‘T NX, Y| > c} , (3)

where ¢ is a tuning parameter controlling the number of predictors retained. The fact that 7
incorporates information from the target highlights the supervised nature of our procedure.
Given the existence of Iy under Assumption 2, one can choose ¢ so that the predictors in 7
exhibit a sufficiently strong factor structure. The remaining steps follow the standard principal
component regression approach for prediction. Specifically, we apply PCA to X 7 to extract
factors {ﬁ}f:_lh , which can be written as ft = E’:Ut for some loading matrix QA" supported on
I. We then obtain @ by regressing {y: 11 on {ﬁ}tT:’lh using the predictive model (2). The

resulting predictor for yr,j, is therefore given by: yr ), = Z)Zj/’\T = anZT.

3The aforementioned settings all require g (3’3) — oo, in contrast with the extremely weak factor model
that imposes Ax (8'8) < 1. While Onatski (2009) and Onatski (2010) develop tests for the number of factors,

Onatski (2012) shows that factors cannot be consistently recovered in this regime.
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Bair et al. (2006)’s proposal follows the same steps in the multi-factor case, except that
multiple factors are extracted in the PCA stage. However, to ensure the validity of marginal
screening in a multi-factor setting, they assume that predictors are marginally correlated with
the target if and only if they belong to a uniquely determined subset Iy, and that all predictors
outside I have zero correlation with the target—that is, they are pure noise for prediction.
Given this condition, they show marginal screening can consistently recover I, allowing all
factors to be extracted in one pass of PCA applied to this subset.

In contrast, we assume the existence of a set I, within which predictors exhibit a strong fac-
tor structure, but impose no restrictions on the correlation between the target and predictors
outside this set, nor on the strength of their factor structure. Consequently, I, under Assump-
tion 2 needs not be unique, and the validity of our prediction procedure does not hinge on
consistently recovering this particular /y. More importantly, requiring marginal screening to
recover a subset of predictors that admits a factor structure with all factors sufficiently strong
is a stringent condition (even when such a subset is uniquely defined, as in Bair et al. (2006)).
Screening can be distorted by correlations induced by strong factors, leaving weak factors
unidentifiable, while predictors discarded by screening may nevertheless be instrumental—or

even essential—for prediction. We illustrate these issues below using two-factor examples.

Ezxample 1. Suppose x; and y; satisfy the following dynamics:

/611 612

Ty = fr + U, Yepn = [ 11 } ft, (4)
Por | O

where (17 and 12 are Ny X 1 vectors, a1 is an (N — Np) X 1 vector, satisfying || 12| < Né/z

and ||Ba1]| < (N — Np)'/2, and Ny is small relative to N.

In this example, the first factor is strong while the second is weak. The target variable y is

correlated with both factors and therefore potentially with all predictors. Consequently, the

11



screening step described above may either fail to eliminate any predictors or select them in an
arbitrary way, since all predictors inherit correlation with the target through the strong factor.
Because the second factor is weak, a single pass of PCA—extracting two factors from the full
set or from an arbitrary subset of predictors—does not guarantee recovery of this component.
Indeed, we can show that A (3'8) < ||f12]|* < No, implying that PCA cannot consistently
recover the second factor unless N/(NyT') — 0. The assumptions in Bair et al. (2006) rule
out this case, but we can clearly locate an index set Iy (e.g., the top Ny predictors) within
which both factors are strong. In other words, our assumptions accommodate this case.

We provide next another example, that shows that in some situations screening can elimi-

nate too many predictors, making a strong factor model become weak or even rank-deficient.

Ezxample 2. Suppose x; and y; satisfy the following dynamics:

Bu | B
Ty = L Ji + uy, Yi+h = { 1 0 } It (5)

0 | B2
where (11 and fyy are N/2 x 1 vectors, ||Bu1]| =< || B22]| =< V/N, and fy; and fo, are uncorrelated.

In this example, there are two equal-sized groups of predictors, so that  is full-rank and
both factors are strong and that Iy can be the entire set (N) (therefore, a standard PCA
procedure applied to all predictors will consistently recover both factors). But two features of
this model will make supervised PCA fail, if the marginal screening step is applied only once
as in Bair et al. (2006). First, v, is uncorrelated with the second half of predictors. Second,
the exposure of the first half of predictors to the first and second factors are the same.

After the screening step the second group of predictors would be eliminated, because
they do not marginally correlate with y;, . But the remaining predictors (the first half) have
perfectly correlated exposures to both factors, so that only one factor, fi;+ for, can be recovered
by PCA. Therefore, the one-step supervised PCA of Bair et al. (2006) would fail to recover
the factor space consistently, resulting in inconsistent prediction. This example highlights an

important point that marginally uncorrelated predictors (the second half) could be essential in
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recovering the factor space. Eliminating such predictors may lead to inconsistent prediction.

Both examples demonstrate the failure of a one-step supervised PCA procedure in a general
multi-factor setting. Similar to Bair et al. (2006), Huang et al. (2022) propose the Scaled
PCA method, which also leverages the univariate predictive power of each predictor in a
preprocessing step prior to applying PCA, aiming to address the challenge posed by weak
factors. Rather than eliminating predictors with low univariate predictive power, Scaled PCA
reweights each predictor according to its univariate strength before applying PCA. Ideally,
this reweighting increases the influence of informative predictors, thereby amplifying weak
factor signals. However, the method can also fail in a general multi-factor setting for the same
reasons that limit the approach of Bair et al. (2006): in Example 1, the univariate covariances
between all predictors and the target may be nearly random, preventing Scaled PCA from
overweighting the top few informative predictors; in Example 2, the covariances between the
second half of the predictors and the target are zero, leading Scaled PCA to discard them
entirely. The DGPs in these examples are ruled out by the assumptions in both Bair et al.
(2006) and Huang et al. (2022), but are explicitly allowed under our framework. We thus
propose below a new and more complete version of the supervised PCA (SPCA) procedure

that can accommodate such cases.
2.4 TIterative Screening and Projection

Our method employs a multi-step procedure that iteratively alternates between selection and
projection. In each iteration, the projection step removes the influence of the previously
estimated factor, thereby enhancing the effectiveness of the subsequent screening step. More
specifically, a screening step can help identify one strong factor from a selected subset of
predictors. Once we have recovered this factor, we project all predictors z; (not just those
selected at the first step) and y,y;, onto this factor, so that their residuals will not be correlated
with this factor. Then we can repeat the same selection procedure with these residuals. This

approach enables a continued discovery of factors, and guarantees that each new factor is
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orthogonal to the estimated factors in the previous steps, similar to the standard PCA.

This iterative screening and projection approach resolves the issues in the preceding exam-
ples. In Example 1, the first screening retains a random subset of predictors, and the first PC
recovers the strong factor f;. After projecting X and y onto fi, the residuals for the first N,
predictors still load on fy, while the remaining N — N, predictors are uncorrelated with the
residuals of y. A second screening then eliminates these predictors, allowing PCA to recover
fo from the residuals of the first Ny predictors. In Example 2, the first screening eliminates the
second half of the predictors, enabling PCA to recover f; + fo from the rest. After projection,
the residuals of the first half contain only noise, while the second half are spanned by f; — fo,
which a second PCA step recovers. Thus, iterated supervised PCA recovers the full factor
space, showing that marginal screening works when combined with iteration and projection.

Formally, we present our algorithm below for the general model given by (1) and (2). A
key step in implementing the algorithm is the choice of I, and a suitable stopping rule. We

suggest using the top ¢/N predictors ranked by the magnitude of their covariances with ¥(;):*

sz{z’

where ng\), is the (1 — g)th-quantile of {T‘l

T | (XD Go g = 8}

(X(k))[i]yv(,k)HMA)(}Z‘:L,,,,N. <6>

Selecting a fixed number, q/N, of predictors at each step substantially simplifies both the
notation and the proof. In addition, this choice yields factor estimates that are typically more

stable and less sensitive to the tuning parameter ¢ than those based on a hard threshold, as

4Using covariance for screening allows us to replace all Y(1) in the definition of 17 r and Algorithm 1 by
Y(1), that is, only the projection of X(;, is needed, because this replacement would not affect the covariance
between Y(;y and X (). We use this fact in the proofs, which simplifies the notation. Alternatively, one can
use correlation instead of covariance when constructing fk This modification does not alter the asymptotic
analysis, provided that the variance of each predictor is uniformly bounded above and below. In practice,
we find that correlation-based screening performs better in finite samples when predictors differ in scale. We

therefore adopt correlation in both simulations and empirical analysis.
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Algorithm 1 Prediction via SPCA
: Inputs: Y, X, W, 7, and wr.

1

2: Imitialization: Y(;) := YMy, Xy := XMy, k = 1.

3: repeat R

4: Select an appropriate subset I, C (/N) via marginal screening.

5 Estimate the kth factor F(,y = Qk) (X(k))[f] via SVD, where ¢ is the first left singular vector of
—~ i N

(X(k))[fk] F(k) can also be rewritten as F C XME/7 where () = (]IN - Zlel 5@)(&-))[&] S(k) 1s

constructed recursively via B(k 1) (deﬁned in Line 6.).

-~/

6: Estimate the coefficients o) = Y(k)F(k)( (k)F( ))_ and ,8 k)F( )(F(k)E(k))_l.

7 Obtain residuals )/(k—i-l) = }/(k) — OZ( )E(k) and X(k+1) = ﬂ(k)E(k)

8: k=k+1.

9: until k = K where K i 1is chosen based on some proper stopping rule.

10: Obtain fr = ' (xr — waT) where ¢ = (C 1),...,C(K)) and B, = XW' (WW')~1 and the prediction
Yran = afT + Qpwr = Jrr + (@ — ?Bw)wT, where a := (a(l),a@),...,a(m), N = aE’, and a,, =
YW (Ww’)~1

-~ ~/ -~/ ~ ~ ~
11: Outputs: the prediction ¥z, the factors F = (F ..., F(g))’; their loadings, 8 := (8q),... ,ﬁ(f()),

and the coefficient estimates @, a O, Ew, and 7.

in conventional marginal screening. Correspondingly, the algorithm terminates as soon as

Afﬁ\;rl) < ¢, for some threshold c. (7)

Thus, the resulting number of factors is set as K=k Asa result, the tuning parameter, c,
effectively determines the number of factors extracted out of our procedure.

For any given tuning parameters, ¢ and ¢, we select predictors that have predictive power
for (at least one variable in) vy, at each stage of the iteration. With a good choice of tuning
parameters, ¢ and ¢, the iteration stops as soon as most of the rows of the projected residuals
of predictors appear uncorrelated with the projected residuals of 1,5, which implies that the
factors left over, if any, are uncorrelated with y;,p,.

The selection rules in (6) and (7) ensure that, prior to applying PCA, the selected subset
contains at least ¢/V predictors with non-negligible predictive strength. As a result, the leading
eigenvalue of the corresponding covariance matrix is of the asymptotic order ¢N'=, ensuring
the presence of at least one strong factor and enabling its consistent recovery through PCA.

Line 10 of the algorithm needs more explanations. Line 5 provides a set of factor estimates,

E, on the basis of Y and X. Moreover, a time series regression of Y on E and W yields
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_ —1
an estimator of a, (coefficient defined in (2)). That is, &, = YMzW' (EMﬁ/E’) =
YW'(WW')~!, since MW" = W' by construction, which explains the formula for @,, in Line
10. Finally, with @, a,, and ]/”\T, it is sufficient to construct yr,, by combining afT with

a,wr, which in turn can be written as a projection on x7 and wy.

3 Asymptotic Theory

We now turn to the asymptotic properties of SPCA. The analysis is involved owing to its

iterative nature and the general weak factor setting under consideration.
3.1 Consistency in Prediction

To establish the consistency of SPCA for prediction, we first investigate the consistency of
factor estimation. In the pervasive factor case, e.g., Stock and Watson (2002), all factors are
recovered consistently via PCA, which is a prerequisite for the consistency of prediction. In
our setup of weak factors, we show that the consistency of prediction only relies on consistent
recovery of factors that are relevant for the prediction target.

Recall that in Algorithm 1, we denote the selected subsets in the SPCA procedure as fk,
k=1,2,.... We now construct their population non-random counterparts iteratively, for any
given choice of ¢ and ¢. This step is critical to characterize the exact factor space recovered by
SPCA. Without loss of generality, we consider the case X = I here, because in the general
case, we can simply replace 8 and « by BZ}/ % and aZ}/ % in the following construction.

In detail, we start with agl) = || 8’ || ok 2nd define I; = {i|a§1) > cfﬁ\),}, where c((;\),
is the [¢NN|th largest value in {agl)}iﬂ . Then, we denote the largest singular value of
Bay == B by %2 and the correspon(iirig left and right singular vectors by ¢y and b(y).

For k > 1, we obtain agk) = Hﬁm Hj<k; Mb<]~)a/

L1,k (k) 1/2
A I, = {ila;” > ch}, and )\(k), S(k)»
by are the leading singular value, left and right singular vectors of By = By, 1] e My
This procedure is stopped at step K (for some K that is not necessarily equal to K or K ) if

cé?rl) < c. In a nutshell, I;’s are what we will select if we do SPCA directly on g € RV*K
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RP*K and they are deterministically defined by «, 3,%}, ¢, ¢, and N, whereas fk’s

and a €
are random, obtained by SPCA on X € RV*T and Y € RP*T.
To ensure that the singular vectors b(;) are well defined and identifiable, we require the top

k
((1]\), to

two singular values of S to be distinct at each stage k. We also need the constants ¢
be separated so that the sets [ are uniquely determined. We say that two sequences ay and
by are asymptotically distinct if there exists § > 0 such that |ay — by| > d|by| for sufficiently
large N. Motivated by these considerations, we impose the following condition:

Assumption 5. For any given k, the following three pairs of sequences of variables, o1 (B))

and 2B ), cé]j\), and c((]’;\)] 41, and cg][\(,ﬂ) and c are asymptotically distinct, as N — oc.

This assumption is mild and rules out only corner cases. Separation between o ()
and o2(B)) ensures identification of the leading eigenvector, which is essential for consistent
factor recovery. Likewise, asymptotic separation of the c((j\; values ensures sufficient spacing
between population covariance levels, helping to control sampling noise in the selection step.
Excluding such cases is standard in the high-dimensional PCA literature; see, for example,
Assumption 2.1 of Wang and Fan (2017).

Assumption 5 is closely tied to our choice of the number of predictors ¢/V and the parameter
c in the stopping rule. In particular, the current algorithm adopts a strategy where the same
number of predictors is selected at each step, representing one version of SPCA. An alternative
approach would be to select predictors according to a predetermined covariance threshold and
terminate the selection process once | I | falls below another threshold. By allowing the number
of predictors to vary across iterations, this alternative procedure can be particularly useful
for handling corner cases that are ruled out under the current form of Assumption 5.° Similar

asymptotic results—analogous to those in Theorems 3.1-3.3—can be established, though at

the expense of more intricate conditions on rates of convergence and related aspects. For

)

7

€] 1)

5A concrete example may be the case where all a; ’s defined above are identical, resulting in ¢ AN = CqN41-

By adopting the alternative algorithm, we only need an assumption on a non-vanishing lower bound of agl),

)

ie., a;’ > c¢> 0. Correspondingly, this alternative procedure will select all predictors in this iteration.
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clarity and parsimony, however, we focus in the main text on the current version of SPCA,
which yields cleaner theorems and exhibits superior performance in simulations.

We now are ready to present the consistency of the estimated factors by SPCA:

Theorem 3.1. Suppose that x; follows (1) and y; satisfies (2), and that Assumptions 1-5

hold. Then for any tuning parameters ¢ and q that satisfy’
cNY2 50, ¢ tlogN +1logT)Y2(q VAN=V2Hv/2 L P=V2NYI2Y 50, gN/Ny — 0, (8)

we have K < K, P(I,, = I;) = 1, for any 1 < k < K, and P(K = K) — 1. Moreover, the

factors recovered by SPCA are consistent. That is, for any 1 < k < K,

o =1~ .
HE““) H HE(k) — FgyPpr| Sp g PNTVEE L TOINY, (9)

We make a few observations regarding this result. First, the assumptions in Theorem 3.1
do not guarantee a consistent estimate of the number of factors, K, because SPCA cannot
guarantee to recover factors that are uninformative about y. At the same time, the factors
recovered by SPCA are not necessarily useful for prediction, because it is possible that some
strong factors with no predictive power are also recovered by SPCA. Ultimately, the factor
space recoverable and its dimension are determined by 3, a, X, ¢, ¢, and N. For this reason,
we have consistency of factor estimates up to the first K factors. Moreover, K is a consistent
estimator of K, which we prove satisfies K < K.” That is, SPCA omits K — K factors. Also,
the inequality (9) has a clear geometric interpretation. The left-hand-side is exactly equal to
sin((:)(k)), where (:)(k) is the angle between the estimated factor at each stage k£ and the factor

space spanned by the true factors, Pr. (9) shows that this angle vanishes asymptotically.

6The existence of parameters ¢ and ¢ satisfying (8) is equivalent to the condition log(NT)N?"(1/Ny +
1/T) — 0. This, in turn, implies the usual requirement N” /Ny + N /T — 0 needed for PCA consistency on
the subset Iy; the latter coincides with Assumption A in Bai and Ng (2023) when Iy = (N). The additional

factor log(NT)NV is due to the error in the extra selection and projection steps in our algorithm.

"The proof of Theorem 3.1 also demonstrates that the threshold éfﬁ\), used in the selection step consistently

estimates its population counterpart cg’};), forany 1 <k < K + 1.
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IF (|| is & normalization constant that can be omitted if the estimated factors are normalized
to have unit fo-norm in implementation.

Second, with respect to the tuning parameters, the condition (8) implies that ¢cN*/2 — 0,
c\/W — 00, and C\/W — 00. On the one hand, the threshold ¢ needs be sufficiently
small so that the iteration procedure continues until selected predictors have asymptotically
vanishing predictive power; on the other hand, ¢ needs be large enough that dominates error
in the covariance estimates from the screening step. The estimation error consists of the usual
error in the construction of the sample covariances, as well as the construction of residuals
in the projection step, X() and Y, for k& > 1, as soon as multiple factors are involved
(ie., K > 1). As we show in Lemma S4.3 in the Appendix, the estimation error is of order
(gN'=)=1/2 - T=1/2N"/2 and the choice of ¢ needs dominate it. In terms of ¢, it appears that
the maximal number of selected predictors, |gN |, allowed for should be of the same order
as Ny. Nevertheless, since Ny given by Assumption 2 is not precisely defined, in the sense
that the assumption holds if Ny is scaled by any non-zero constant, we require ¢N/Ny — 0 to
ensure that the scaling constant does not matter for the choice of ¢ and that the selected [gV |
predictors are within the subset of Ny predictors that guarantee a strong factor structure.

Third, when v = 0, the estimation error of the factors is bounded by ¢~ '/2N~1/2 4 71,
In the pervasive factor case, the factor space can be recovered at the rate of N=/2 4+ 71
see, e.g., Bai (2003). In our setting, gN plays the same role as N in the pervasive case.
Importantly, Assumption 2 does not require all factors to have equal strength. Some factors
could, in principle, be recovered at faster rates if different number of predictors were selected
for different factors. Indeed, the alternative choice of fk based on (3) permits varying subset
sizes across stages because the threshold is fixed. While this may achieve a faster rate for
relatively stronger factors, the overall prediction error is ultimately dictated by the weakest
factor. Moreover, we find that the selection rule in (6) delivers more stable out-of-sample

performance, whereas (3) can be sensitive to tuning choices. Since our primary objective is
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prediction rather than factor recovery, we focus on the more stable approach.

With no relevant factors omitted, our prediction ¥, is consistent, as we show next.

Theorem 3.2. Under the same assumptions as in Theorem 3.1, we have ||Qh, — vy || =50,

N P N P
1768 — al| — 0, and consequently, ||yr+n — Er(yrin)|| — 0.

Theorem 3.2 first analyzes the parameter estimation “error” measured as @, — «, and
4B — a. The reason the latter quantity matters is that there exists a matrix H such that
A5 = aH. In other words, the statement of the theorem implies that we can consistently
estimate o, up to a matrix H. This extra adjustment matrix H exists due to the fundamental
indeterminacy of latent factor models. In fact, we can define H € REXK a5 E’B , Where Eis

given by Algorithm 1. Then, it is straightforward to see from the definition of 7 that
4B = aH, so that by Theorem 3.2  |[aH — of = op(1). (10)

On the other hand, the proof of Theorem 3.1 also establishes that for k < K

-1

(£ B - ] oo e "

. = by(1l) by (10) . .
where hy is the kth row of H. Therefore, aF '~ aHF "~ «fF, which, together with

Qy — vy = 0p(1), leads to the consistency of prediction.

The consistency result in Theorem 3.2 does not require a full recovery of all factors. In
other words, K is not necessarily equal to K. On the one hand, factors omitted by SPCA
are guaranteed to be uncorrelated with 1;,5; on the other hand, some factors not useful for
prediction may be recovered by SPCA. Obviously, missing any uncorrelated factors or having
extra useless factors (for prediction purposes) do not affect the consistency of yrp.

Moreover, this result does not require normally distributed errors or the assumption that
all factors have the same strength. The assumption on the relative sizes of N and T is also

flexible, in contrast with the existing literature in which N cannot grow faster than a certain

polynomial rate of T, e.g., Bai and Ng (2023), Huang et al. (2022).
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3.2 Recovery of All Factors

In this section we develop the asymptotic distribution of yr,; from Algorithm 1. Not sur-
prisingly, the conditions in Theorem 3.2 are inadequate to guarantee that yr,, converges to
E7r(yrin) at the desirable rate T-12. The major obstacle lies in the recovery of all factors,

which we will illustrate with a one-factor example.

Ezxample 3. Suppose that x; follows a single-factor model with sparse [:
b

Ty = fe + e Yern = afe + 24,

where 3, is the first Ny entries of 8 with ||| < Ny/* and o =< T-1/2.

Recall that we use the sample covariance between x; and ;5 to screen predictors. Even if

/2 Therefore,

Yy4 is independent of x,, their sample covariance can be as large as T~/2(log N)
the threshold ¢ needs be strictly greater than 7~/2?(log N)'/? to control Type I error in
screening. However, the signal-to-noise ratio in this example is rather low, i.e., o < T2,
that is, y;1 is nearly random noise. Consequently, screening will terminate right away as the
covariances between y,,, and z; are at best of order T~/?(log N)'/? < ¢, which in turn leads
to no discovery of factors. Our procedure thereby gives yr,, = 0, which is certainly consistent
as the bias |E¢(yryn) — 0| < T~2, but the usual central limit theorem (CLT) fails.
Generally, this issue arises from the potential failure to recover all factors in the DGP.
As long as all factors are found, the bias is negligible and the CLT holds regardless of the
magnitude of a. To move beyond consistency and obtain valid inference, a stronger assumption
is required to rule out such cases, in which higher order omitted factor bias undermines the
CLT, even if consistency itself is unaffected. Specifically, if a € RP*K satisfies Apin (/) 2 1,

then the omission of factors can be ruled out asymptotically. This condition implies, on the one

hand, that the dimension of the target variables, D, must be no smaller than the dimension of
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the factors, K, and that each factor is correlated with at least one target variable in y; together,
these requirements ensure that no factor is omitted. On the other hand, our algorithm will
not asymptotically select more factors than necessary, since the iteration terminates once all
covariances vanish. With a consistent estimator of the number of factors, we can therefore
recover the factor space and conduct inference on the prediction targets.

The inference theory on pervasive factor models also relies on a consistent estimator of
the count of factors, e.g., Bai and Ng (2002). Our assumptions here are substantially weaker
than the pervasive factor assumption adopted in the literature. That said, in a finite sample,
a perfect recovery of the number of factors may be a stretch. In the appendix, we show that
our version of the PCA regression is more robust than the procedure of Stock and Watson
(2002) with respect to the error due to overestimating the number of factors. We also provide
simulation evidence on the finite sample performance of our estimator of the number of factors.

The next theorem summarizes a set of stronger asymptotic results under conditions that

guarantee perfect recovery of all factors:

Theorem 3.3. Under the same assumptions as Theorem 3.2, if we further have Apin (/) 2 1,
then for any tuning parameters ¢ and q in (6) and (7) satisfying (8), we have (i) K defined
in Algorithm 1 satisfies: P([A( = K)—1. (i) The factor space is consistently recovered in the

sense that H]P)E/ — Ppr

= Op (¢ YAN"Y*v/2 + T7INY) . (iii) The estimator 3 constructed

via Algorithm 1 satisfies |78 — o — T‘ljﬂ/EfH = Op(q 'N~Hv 4 T7INY),

Theorem 3.3 (i) shows that our procedure can recover the true number of factors asymp-
totically, which extends Bai and Ng (2002) to the case of weak factors. Combining this result
with Theorem 3.1(i) suggests that K = K under the strengthened set of assumptions. We
thereby do not need distinguish K with K below. Our setting is distinct from that of Onatski
(2010), and as a result we can also recover the space spanned by weak factors, as shown by
(ii). This result also suggests that the convergence rate for factor estimation when v = 0 is

of order (¢gN)Y2 AT, as opposed to N'/2 AT given by Theorem 1 of Bai (2003). (iii) extends
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the result of Theorem 3.2, replacing the target o by a + T 'ZF 'Z;l. Note that the latter is
precisely a regression estimator of « if F' were observable. (iii) thereby points out that the

error due to latent factor estimation is no larger than Op(¢ !N~ 4 T-1NV).
3.3 Inference on the Prediction Target

In the case without observable regressors w, the prediction error can be written as yr,, —
Er(yrin) = (A8 — a) fr +Aur, where the second term Juy is of order (¢N'=*)~'/2. In light of
Theorem 3.3(iii), if g ' N~'**T — 0 and T~'/2N¥ — 0, then the second term is asymptotically
negligible (i.e., op(T~'/?)) compared to the first term, and ||(38 — a) fr — T‘17E'E]71fT|| =
Op(N”/T) = op(T~'/?), in which case we can achieve root-T inference on Er(yr,s). Nev-
ertheless, we strive to achieve a better approximation to the finite sample performance by
taking into account both terms of the prediction error altogether without imposing additional

restriction on the magnitude of g N'=”. To do so, we impose the following assumption:

Assumption 6. As N, T — oo, T~V2ZF', T=Y2ZW', and (¢N'~")~"/2Wuy are jointly asymp-

totically normally distributed, satisfying:

VeC(T_1/27E/) 0 H11 H12 0
— d
vee(T-V2ZW") | — N | o] TI= |11, I O ;

(gN'"=") "2 Wuyp 0 0 0 Il

where ¥ is a K x N matrix whose kth row is equal to b/(k)ﬁ[llk](]IN)[lk] and b is the first right

singular vector of By = B, Hj<k M, ,, as defined in Section 3.1.

Assumption 6 characterizes the joint asymptotic distribution of ZF', ZW' and Yuy. For
the first two components, as the dimensions of these random processes are finite, their dis-
tributions are a direct result of a large-7T" CLT for mixing processes. For Wur, its large-N
asymptotic distribution is assumed normal, asymptotically independent of the distribution of
the other two components. This holds trivially if u;7’s are cross-sectionally i.i.d., independent

of z;, wy, and f; for ¢t < T', so that the kth row of Vur, b’(k)ﬂflk] (up),), is a weighted average
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of w;p for i € Ij,. The convergence rate (¢N'")/2 for Wuyp arises naturally because the factor
loading satisfies || By, = (¢N'=)"/2.
Before we present the CLT next, we need define a K x K matrix ) = (wy,...,wy) with
k-1

wi =e; and wy =€ — > ., A&)lb’(k)ﬁflk]ﬁgk]b(i)wi, where ej, is a K-dimensional unit vector

with 1 on the kth entry and 0 elsewhere.

Theorem 3.4. Suppose the same assumptions as in Theorem 5.5 hold. If in addition, As-

sumption 6 holds and T=Y2N" — 0, we have ®Y2(Grn — Ep(yran)) —= N(0,1p), where
O =T"'1®, +¢ N,

and ®1 and ®y are given by

/ / —1 Hll H12 —1 / ! \/
¢, = ((fT>wT)Ef,w ® ]ID) (Ef,w<fT7wT) ® I[D) )
I, Mo
Oy = aB(A/gN'"") T TI33Q(A /gN )1 B'd/.

Here, 11;; is specified by Assumption 0. Yy, = diag(3y, Xy), A = diag(Aq), ..., A\k)), and B
is a K x K matriz whose kth column is given by ba,, where )\%2 is the largest singular value

of By, and by is the corresponding right singular vector as defined in Section 3.1.

The convergence rate of 77, depends on the relative magnitudes of T and ¢N'~”. For

inference, we need construct estimators for ®, which we discuss in Section S1 of the appendix.
3.4 Tuning Parameter Selection

Along with the gain in robustness to weak factors comes the cost of an extra tuning parameter.
Implementing SPCA requires two tuning parameters, ¢ and c. The parameter ¢ dictates the
size of the subset used for PCA, whereas ¢ determines the stopping rule and thereby the
number of factors, K. By comparison, PCA and PLS only require selecting K. As established
in Theorem 3.3, K can be consistently recovered, provided ¢ and ¢ satisfy certain conditions.

In practice, we may as well directly tune K instead of ¢, given that K is more interpretable,

that K can only take integer values, and that the scree plot is informative about reasonable
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ranges of K. For ¢, larger values make SPCA’s performance resemble PCA, reducing ro-
bustness to weak factors, while smaller values increase the risk of overfitting, as the selected
predictors are more likely to overfit y. We suggest tuning |¢gN | instead of ¢, as the former
takes integer values and avoids redundancies where multiple g values map to the same [gN |.

In our applications, tuning parameters are selected using 3-fold cross-validation (CV) as
follows. The entire sample is split into three consecutive folds to account for time series
dependence, avoiding random splits. Each fold is used for validation in turn, while the other
two serve as training sets. The optimal tuning parameters are determined based on the average
R? across the validation folds. The model is then refitted using the full dataset with these
parameters before making predictions. A detailed investigation of the impact of tuning on the

finite sample performance of all procedures is conducted below.

4 Simulations

In this section, we evaluate the finite-sample performance of SPCA through Monte Carlo
simulations. The predictors follow the two-factor model as specified in equation (1), with one
strong factor, fi;, and one potentially weak factor, fo;. Their relative strength is controlled
by a parameter a. We construct two disjoint index sets, I; and I, each of size |aN |, with

a € {50%, 10%, 2.5%}, and assign loadings

Unif[3,4], ifie I, Unif[1,2], ifie L,
57L,1 ~ /61',2 ~
Unif[0,1], ifi¢ Iy, 0, ifidl.

Smaller a weakens the second factor by shrinking the share of predictors with nonzero loadings.

We first consider a DGP for y of the form (2), taking o, = (0,0.2) and o = (3, 1), yielding
Yer1 = 3f1¢+ for + 0.2y + 2.1 Both f;; and z; are drawn independently from standard normal
distributions. This specification satisfies the assumptions used in our theoretical analysis.
Under this DGP, SPCA is expected to select I; in the first step and recover fi;, and then select
I in the second iteration and recover fy,. The idiosyncratic errors u; in (1) are generated by

first drawing €; ~ AN (0,9), and then forming the noise matrix U = €A, where A = ST. Here,
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S is diagonal with entries sampled from Unif(0.5,1.5), and I is a random rotation matrix
drawn uniformly from the unit sphere. This construction introduces heteroskedasticity in u;;.

In this experiment, we evaluate prediction accuracy for yr,; and evaluate the estimation
errors for K and the sets I; under varying values of 7', while fixing aN = 100 so that the
number of predictors loading on the weaker factor remains constant. Prediction performance
is measured by the mean squared error (MSE) and the parameter estimation error |75 — /.
We also report the mean and standard deviation of the estimated number of factors K. For
subset recovery, we set ¢ = a for convenience, so that |fk] = |Ix| = aN, and measure accuracy
using |Tx N 1| /|1i]. According to Theorem 3.2, the remaining tuning parameter is chosen as

c=co-log(NT)V>(T7%4 + (aN)~%4), with ¢, selected via CV.

Table 1: Consistency in Prediction, Subset Selection, and Factor Number Estimation of SPCA. We evaluate
the performance of SPCA in terms of prediction MSE, parameter estimation error |55 — ||, subset recovery

accuracy for I; and I, and the mean and standard deviation of the estimated number of factors K. All results
are based on 1,000 Monte Carlo repetitions.

MSE |58 —a| I Accuracy I Accuracy mean(K) sd(K)

Panel A: N =200, a =0.5

T =120 0.13 0.14 99.66% 92.27% 2.15 0.36
T = 240 0.13 0.10 99.99% 97.82% 2.09 0.28

Panel B: N =1000, a = 0.1

T =120 0.18 0.16 99.58% 79.97% 2.06 0.30
T = 240 0.12 0.10 99.99% 93.36% 2.02 0.13

Panel C: N = 4000, a = 0.025

T =120 0.29 0.25 99.42% 73.84% 1.99 0.51
T = 240 0.14 0.13 99.99% 91.96% 1.99 0.23

Table 1 shows that SPCA consistently recovers the strong factor set I; and yields accurate
estimates of the number of factors K. Recovery of the weaker factor set I, and overall
prediction accuracy improve with larger T, even when the second factor is weak (a = 0.025).
Both MSE and parameter estimation error decline steadily as 7T increases, confirming the
consistency results in Theorem 3.2.

Next, we compare the finite-sample performance of SPCA, SPCA-NI (the non-iterative
version of Bair et al. (2006) that performs selection only once), PCA, PLS, and Scaled PCA

across different scenarios. In this experiment, ¢ and K are tuned jointly via CV for SPCA and
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SPCA-NI, while only K needs to be tuned for the rest. To ensure a fair comparison, we tune
K for the former rather than using ¢y as in the previous experiment. We also assess robustness
to factor number misspecification by reporting results under fixed values of K = 1,2, 3.

Table 2: Finite-Sample Comparison of Predictors (Univariate y). We evaluate the performance of SPCA,
SPCA-NI, Scaled PCA, PCA, and PLS in terms of prediction MSE and |78 — «||. For SPCA and SPCA-NI,
we also report the average value of the selected tuning parameter ¢g. All results are based on 1,000 Monte
Carlo repetitions.

MSE 178 — el
K (A 1 2 3 (A% 1 2 3
Panel A: N = 4000, a = 0.025

T =120 SPCA 0.18 094 0.17 034 016 094 0.16 0.16
- q 0.02 0.09 0.02 003 002 009 0.02 0.03
SPCA-NI 0.58 0.94 0.57 057 061 094 061 0.61
q 0.12 009 0.12 0.13 0.12 0.09 0.12 0.13
Scaled PCA  0.63 097 0.63 062 070 096 0.70 0.69
PCA 0.86 1.02 088 086 088 098 090 0.88
PLS 0.67 0.83 0.62 0.77 0.62 0.88 0.58 0.54
T —240 SPCA 0.12 0.85 0.12 0.29 0.11 0.89 0.11 0.13
N q 0.08 0.25 0.03 0.06 0.03 025 0.03 0.06
SPCA-NI 0.23 0.78 0.23 023 034 089 034 034
q 0.18 0.25 0.18 0.19 0.18 0.25 0.18 0.19
Scaled PCA 0.29 0.95 0.29 0.29 0.41 0.94 0.41 0.41
PCA 0.41 0.90 0.42 041 056 092 056 0.56
PLS 0.30 0.74 0.30 0.50 0.34 0.83 0.34 0.35

Panel B: N =200, a=0.5

T =120 SPCA 0.13 070 0.13 0.14 015 079 0.15 0.15
- q 0.67 0.96 0.65 0.80 0.67 096 0.65 0.80
SPCA-NI 0.13 0.70 0.13 0.13 0.16 0.79 0.16 0.16

q 0.97 0.96 097 097 097 0.96 0.97 0.97

Scaled PCA  0.19 092 0.19 020 025 092 026 0.25

PCA 0.12 070 0.12 0.13 015 079 0.15 0.15

PLS 0.13 050 0.12 043 013 065 0.12 0.15

T =240 SPCA 0.13 070 0.13 0.13 0.11 079 0.11 0.11
- q 0.66 0.99 0.67 080 0.66 099 0.67 0.80
SPCA-NI 0.13 0.70 0.13 0.13 0.11 0.79 0.11 0.11

q 0.98 0.99 0.98 0.97 098 0.99 0.98 0.97

Scaled PCA  0.17 093 0.16 0.17 016 093 0.16 0.16

PCA 0.13 00 0.13 0.13 0.11 079 0.11 0.11

PLS 0.13 050 0.13 038 0.09 065 0.09 0.10

Table 2 reports the results. In the weak-factor setting (Panel A), SPCA delivers the best
prediction and estimation performance, reflecting its ability to isolate the weak factor. SPCA-
NI, PLS, and Scaled PCA all perform noticeably worse, and PCA performs the worst overall.

The poor performance of PLS and Scaled PCA stems from their overweighting of predictors

27



associated with the strong factor fi, making it difficult to recover the weak factor f,. Although
performance improves for all methods as T increases, SPCA maintains a clear lead. SPCA-NI
outperforms PCA, as the former nests the latter as a special case.

In the strong-factor setting (Panel B), all methods except Scaled PCA perform similarly,
showing that tuning g does not harm SPCA or SPCA-NI when factors are strong. Joint tuning
of K and ¢ (column “CV”) introduces some additional variability, but still yields errors smaller
than those produced under misspecified values of K. Overshooting K is generally less harmful
than undershooting. Finally, in the weak-factor case, CV selects values of ¢ close to the true
a = 0.025, whereas in the strong-factor case it tends to choose much larger values, often close

to one, making SPCA behave more like PCA and improving its efficiency in that setting.

Table 3: Finite Sample Comparison of Predictors (Multivariate y). We evaluate the performance of SPCA,
SPCA-NI, PCA, and PLS in terms of the distance between estimated factor space and the true factor space,

d(ﬁ, F) = HIP’ﬁ, — Ppr||, as well as MSE; for predicting the ith entry of y. All numbers reported are based on
averages over 1,000 Monte Carlo repetitions. We vary the value a takes, while fixing a/N = 100.

N =200,a =0.5 N =1000,a = 0.1 N = 4000,a = 0.025
SPCA SPCA-NI PCA PLS SPCA SPCA-NI PCA PLS SPCA SPCA-NI PCA PLS
Panel A: T =120

d(ﬁ, F) 0.28 0.29 0.28  0.28 0.30 0.32 0.38  0.40 0.30 0.34 0.84 0.61
MSEq 0.05 0.05 0.05 0.05 0.05 0.05 0.05  0.05 0.05 0.05 0.06  0.06
MSE2 0.10 0.10 0.10  0.09 0.11 0.14 0.24 0.19 0.11 0.16 0.88  0.58

Panel B: T = 240

d(ﬁ, F) 0.24 0.25 024 024 0.25 0.26 0.28  0.30 0.24 0.26 0.50 0.48
MSE; 0.03 0.03 0.03  0.03 0.03 0.03 0.03  0.03 0.03 0.03 0.03  0.02
MSE» 0.07 0.07 0.07  0.07 0.07 0.08 0.12  0.10 0.06 0.08 0.41  0.28

Further, we examine the quality of factor-space recovery and inference. We simulate a
multivariate target with o = Iy and v, = (02x1,0.2I,), yielding y; ;11 = fir + 0.2ys + 2i11
for i = 1,2. Table 3 reports the performance of SPCA, SPCA-NI, PCA, and PLS for each
component of the bivariate target y. Scaled PCA is omitted since its framework does not
naturally extend to multi-target settings. As noted earlier, SPCA is expected to recover both
factors because each factor loads on at least one component of y. Given that the true factor
space is two-dimensional, we focus on results with K = 2 to evaluate each method’s ability to

recover the factors. We report the distance between [ and the true factor space, measured
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by d(F\, F) = HIP’ﬁ, — IEDF/”, along with the prediction errors MSE; for ¥; 741, ¢ = 1,2, where
MSE; is affected by the potentially weak factor fs.

The findings align with our theoretical predictions. As a decreases from 0.5 to 0.025,
detecting fy; becomes increasingly difficult, and SPCA-NI, PCA, and PLS exhibit larger
distances d(ﬁ , F') relative to SPCA. The resulting distortion in the recovered factor space
leads to higher prediction errors for ys, which relies on fy. In contrast, SPCA consistently
maintains accurate factor-space recovery and low prediction errors across all values of a,
demonstrating robustness to weak factors.

Finally, Figure 1 presents histograms of the standardized prediction errors based on the
CLT in Theorem 3.4. The setup mirrors that of Table 3, with a = 0.025 and T" = 120. For
SPCA, the histograms align closely with the standard normal density, confirming the validity
of the derived CLT. In contrast, PCA exhibits clear deviations from normality for ys, reflecting

the effect of the weak factor.

Figure 1: Histograms of the Standardized Prediction Errors. We provide histograms of standardized predic-
tion errors for each entry of y using SPCA and PCA, respectively, based on 3,000 Monte Carlo repetitions.
The dashed curve on each plot corresponds to the standard normal density.

SPCA Prediction Error for 2 PCA Prediction Error for Y
04+ s — 0.4F
SH
\
J 0y
0.2 2 v q 0.2
4 N
ot \___" R S B S——— [ e L e S ——
-8 -6 -4 -2 0 2 4 6 8 -8 -6 -4 -2 0 2 4 6 8
SPCA Prediction Error for Y, PCA Prediction Error for Y,
0.4r RN 1 04r
4 3
0.2 12 Y q 0.2
o N
Qb e 0 L Y e .
8 6 4 2 0 2 4 6 8 -8 6 4 2 0 2 4 6 8

5 Empirical Analysis

Predicting macroeconomic variables such as output, unemployment and inflation often re-
quires handling a large pool of potential predictors, motivating the use of dimension-reduction
methods. SPCA provides a supervised approach that prioritizes predictors relevant for the

forecasting target, making it well suited for settings with many noisy or weakly informative
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variables. To evaluate its performance, we apply SPCA in an environment with a substantial
number of predictors, combining a standard panel of macroeconomic variables with a large
dataset of individual forecasts from professional forecasters (see the appendix for data de-
tails). The use of forecasts in macroeconomic prediction is well established, either through
consensus forecasts (Faust and Wright (2013)) or optimal forecast combination (Genre et al.
(2013)). In our application, SPCA automatically determines which individual forecasts, if
any, complement the macroeconomic predictors, thereby providing a data-driven approach to
forecast combination.

We focus on predicting at the quarterly horizon, a standard timeframe in the literature,
with implementation details provided in Section S3.2 of the appendix. Figure 2 displays the
out-of-sample R? of various forecasting methods relative to the autoregressive (AR) model
benchmark for inflation (left panel), industrial production growth (center panel), and change
in unemployment (right panel). In this exercise, the number of factors K is fixed. PCA (red
line) and PLS (blue line) require no additional tuning parameters. For SPCA, the figure shows
separate results for each K (grey lines) and for the value of | ¢V ] selected via CV (green line).

Figure 2: OOS Performance of SPCA, PCA and PLS (for different number of factors). Each panel reports
the out-of-sample R? relative to the AR model for a different target, aggregated over 3 months. The three
panels predict inflation, industrial production growth and change in unemployment rate, respectively. The
green dashed line shows the performance of SPCA with 3-fold cross validation for the tuning parameter |gN |.
The grey lines show the performance of SPCA with fixed number of predictors, |¢/N]|. The blue dashed line
uses PLS. The red dashed line uses PCA. Rolling window of 240 months is used. Sample covers 1993-2022.
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The figure reveals several interesting findings. First, predicting inflation beyond what
an AR model achieves is challenging (see also Faust and Wright (2013)), with out-of-sample
R? values generally near zero or negative. Among all methods, only SPCA delivers positive
R? values, and it achieves this with a small number of factors. Predictability beyond the
AR model is significantly higher for IP growth and unemployment. Second, SPCA generally
outperforms PCA and PLS for most choices of the number of factors. Third, the performance
of all methods is sensitive to the number of factors. Methods that use target information, such
as PLS and SPCA with smaller [¢N |, show significant performance declines as the number
of factors increases, reflecting an potential issue of overfitting discussed in Appendix S2.

Given the critical role of the number of factors in determining out-of-sample performance,
we use CV to select the number of factors for all three methods. For SPCA, this involves
jointly selecting [¢/N | and K. The results are presented in the left panel of Figure 3, where all
three targets are shown together. The panel confirms that SPCA generally performs well, often
outperforming the alternatives (for unemployment, several choices of the tuning parameter

|gN | outperform PCA and PLS, but not the one chosen by CV).

Figure 3: OOS Performance of SPCA, PCA and PLS (using CV to choose the number of factors). The left
panel of this figure repeats the analysis of Figure 2, but chooses the number of factors via CV. The right panel
performs the same analysis as the left panel, but using only Fred data.
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To assess the impact of individual forecasts data on SPCA’s performance, the right panel of
Figure 3 presents results from the same analysis but using only the Fred dataset. The results

indicate that SPCA’s performance, while remaining broadly comparable to PCA and PLS,
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deteriorates in this more limited setting. PLS, however, shows mixed results—performing well
for industrial production growth and unemployment but failing for inflation. For reason of
space, further results on SPCA-based forecasts are provided in the appendix.

Our analysis highlights two key findings: First, individual expert forecasts add value in
predicting macroeconomic variables, corroborating the findings in Faust and Wright (2013).
Second, SPCA is particularly effective when applied to a large, informative, but noisy set of

individual forecasts, leveraging its ability to filter out noise while retaining valuable signals.

6 Conclusion

The availability of large datasets has spurred the development of methods to reduce predictor
dimensionality, aiming to balance parsimony with improved out-of-sample predictions. SPCA
introduces a key innovation: discarding uninformative predictors by using the target variable
to guide selection. First proposed in Bair and Tibshirani (2004), this idea incorporates a
screening step before factor extraction. However, the original SPCA approach assumes all
factors can be extracted from the same subset of predictors, a restrictive condition rarely met
in practice. We address this limitation by proposing a new SPCA methodology that iteratively
combines selection, factor extraction, and projection.

Our theoretical framework highlights a key distinction in how methods handle weak fac-
tors. Unsupervised approaches tend to miss signals below a certain strength, making weak
factors hard or impossible to recover. SPCA is able to overcome this limitation by iteratively
leveraging the target variable to extract weak but relevant signals, while ignoring factors unre-
lated to prediction. This property makes it especially effective for forecasting, where excluding
non-target-related factors does not harm accuracy. By contrast, other supervised approaches
such as Scaled PCA or PLS do not succeed in this setting, underscoring that SPCA’s design

is crucial to its success.
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Abstract

This appendix presents the covariance-matrix estimator and its asymptotic justifi-
cation, analyzes several alternative methods, provides additional empirical applications,
and concludes with the mathematical proofs.



S1 Estimation of &; and o,

Recall that from the outputs of Algorithm 1, we have defined E , B\, and a. As a result, we
can also estimate Z = Y — &E — QW and Q =X — B\E — BwW- Then we can construct
Newey-West-type estimators for Iy, II15 and Ilss, given that each component of them can
be estimated based on their sample analog constructed above. Estimators of ¥; and X, can
be obtained by if = Th_lﬁ/ and iw = T, 'WW'. With fT = QA“’(xT - B\wa), ®, can be
constructed as follows:

My Iy

<(fT7 )Efw ® HD) (i;i}(f}, wr) @ ]ID> .

M, Ty
The above estimators are built as if the latent factors were observed. This is because any
rotation matrix involved with latent factor estimates is canceled out, which eventually yields
a consistent estimator of ®;. This part of the asymptotic variance is straightforward to
implement, thanks to the fact that it does not involve estimation of high-dimensional quantities
like ¥,. The proof of consistency of @1 follows directly from Giglio and Xiu (2021) and is
thus omitted here.

With respect to ®9, we may apply a thresholding estimator of 3, = Cov(u;) following Fan

et al. (2013). In detalil, 5, can be constructed by

~ (EU>ij7 i :j ~ 157

Sij ((iu)z]> , 1F]
where s;;(-) is a general thresholding function with an entry-dependent threshold 7;; satisfying
(i) s4(z) = 0 when |z| < 7; (ii) |sij(2) — 2| < 7;. The adaptive threshold can be chosen
by 7i; = C(log NT)V2(T-YV2NV/2 4 ¢=V/2N— 1/2“/2)@ , where C' > 0 is a sufficiently large

constant and



where u;, are the entries of Q With iu, ®, can be estimated by <T>2 = qufl’/v\iu/y\’.
The following theorem ensures the consistency of &32 under standard assumptions as in

Fan et al. (2013).
Theorem S1.1. Under the assumptions of Theorem 3.4, we further assume that

(i) wy is stationary with E(u;) = 0 and X, = Cov(ug) satisfying C; > A (2,) > An(Z,) > Co

and min, ; Var(u;u;) > Cy for some constant Cy,Cy > 0,

(ii) uy has exponential tail, i.e., there exist 1 > 0 and C' > 0, such that for any s > 0 and

i < N, P(lui| > s) < exp(—(s/C)™).

(1) wy is strong mizing, i.e., there exist positive constants ro and C' such that for allt € 7T,
a(t) < exp(=Ct"), where a(T) = supyero _ peree[P(A)P(B) — P(AB)| and F2 ., Ff*
are o-algebras generated by {u;}—oo<t<o, {Ut}r<t<oo-

(i) (log )OO 7"+ = o(T), T = o(g2N>-).

Then S, satisfies Hiu — || Sp Cy = mgn ((log NT)V2(T-V2NY/2 4 q’l/QN*I/%”/Q))l_q,

where my Ny = max;<n Yo n|(Zu)ij|?- In addition, if Cy = o(1), then Dy 5 By,

S2 Alternative Procedures

In this section, we at first discuss the failure of PCA and PLS in the presence of weak factors.

To illustrate the issue, it is sufficient to consider a one-factor model example:

Example S2.1. Suppose that x; follows a single-factor model with sparse £:

A

Ty = fr 4+ U, Yern = af,




where f; is the first Ny entries of § with ||51]|| < Nol/2. Moreover, f; ra N(0,1) and U = €A,
where € is an N x T matrix with i.i.d. N(0,1) entries and A is a T x T matrix satisfying

IAl < 1.

S2.1 Principal Component Regression

Formally, we present the algorithm below:

Algorithm S2.1 PCA Regression

1: Inputs: Y, X, W, z7, wr and K.
2: Initialization: Y(;) := YMy, X1y := XMy,
3: Apply SVD on XMy and obtain the estimated factors Fpoa= ¢ XMy, where ¢ € RVXE are the first

- - ~ -1
K left singular vectors of XMyy+. Estimate the coefficients & = YE/PCA (EPCAEIPCA) .
4: Obtain ¥ = a<’ and output the prediction ﬂﬁff =z + (@ — ﬁgw)wT, where a,, = YW'(WW')~! and
Buw = XW'(WW')~t,
5: Qutputs: gquff,‘:‘, Fpoa,s O, Qy, By, and 7.

Proposition S2.1. In Ezxample S2.1, suppose that N/(NoT) — § > 0 and ||| — oo and
define M as M := T 'F'F + 6 A Ay, where Ay is the first T — h columns of A. Then, if the
two leading eignvalues of M are distinct in the sense that (A (M) — Xo(M))/ M (M) Zp 1, the

estimated factor EPCA satisfies

where npca is the first eigenvector of M. In the special case that A1Ay = lp_y, it satisfies

that

e

_ IPFrH L.
= PCA -

Proposition S2.1 first shows that even if the number of factors is known to be 1, the
factor estimated by PCA is in general inconsistent, because the eigenvector npca deviates
from that of T-'F'F, as the latter is polluted by A. In the special case where error is

homoskedastic and has no serial correlation, i.e., AjA; = Ip_;, the estimated factor becomes



consistent, in that JA}A; in M does not change the eigenvectors of T-'F'F. This result
echoes a similar result in Section 4 of Bai (2003), who established the consistency of factors
with homoskedasticity and serially independent error even when 7' is fixed. That said, while
factors can be estimated consistently in this special case, the prediction of yr., based on
Algorithm S2.1 is not consistent.

Proposition S2.2. Under the same assumptions as in Proposition S2.1, if we further assume

AVAy =1y, then we have g}’f}f LN (1+ 8" Er(yran)-

The reason behind the inconsistency is that even though F poa, (effectively the right
singular vector of X)) is consistent in the special case, estiamtors of the left singular vector,
¢ and the singular values are not consistent, which lead to a biased prediction. This result

demonstrates the limitation of PC regressions in the presence of weak factor structure.

S2.2 Partial Least Squares

PCA is an unsupervised approach, in that the PCs are obtained without any information
from the prediction target. Therefore, it might be misled by large idiosyncratic errors in x;
when the signal is not sufficiently strong. In contrast with PCA, partial least squares (PLS) is
another supervised technique for prediction, which has been shown to work better than PCA
in other settings, see, e.g., Kelly and Pruitt (2013). Unlike PCA, PLS uses the information
of the response variable when estimating factors. Ahn and Bae (2022) develop its asymptotic
properties for prediction in the case of strong factors. We now investigate its asymptotic
performance in the same setting above.

The PLS regression algorithm is formulated in Algorithm S2.2. The PLS estimator has a

closed-form formula if Y is a 1 x T vector and a single factor model is estimated (K = 1):
e = VXX Y X XYV X .
While the PLS procedure is intuitively appealing, the next propositions show that this

approach also produces biased prediction results in the presence of weak factors.



Algorithm S2.2 PLS Regression

1: Inputs: Y, X, W, xp, wr and K.
2: Imitialization: Y(;) := Y My, X (1) := XMy.
3: fork=1,2,--- K do
4: Obtain the weight vector ;) from the largest left singular vector of X(k)Y(’k,).
5: Estimate the kth factor as E(k) = Sy X (k)
~ ~ A\ ~ ~ RN
6:  Estimate coefficients a) = Yoo By (B i) and By = Xy (B E)
7 Remove E(k) to obtain residuals for the next step: Xxi11) = X — B(k)f(k) and Y(p41) = Yy —
Q) E r)-
8: end for R -
9: Obtain ¥ = a<’ and the prediction f/éff,f = Axr + (Qw — YBw)wr, where &, = YW'(WW')~! and
B = XW'(WW')~L.
~ ~/ ~/ -~
10: Outputs: yleDf,f, Fprg = (E(l), . 7E(f())/, Q, Oy, Puw, and 7.

Proposition S2.3. In Ezample S2.1, suppose that N/(NyT) — § > 0 and ||B]] — oo, then

the estimated factor EPLS satisfies

’IPA/ Py
L~ Pe

Proposition S2.4. Under the assumptions of Proposition S2.3, if we further assume that

ALAy =1y, then we have g/jﬁfrf LN (14 0)'Er(yrin)-

Therefore, the consistency of the PLS factor also depends on the homoskedasticity as-
sumption A}A; = Ir_;, and the forecasting performance of PLS regression is similar to PCA
in our weak factor setting. The reason is that the information about the covariance between
X and Y used by PLS is dominated by the noise component of X, hence PLS does not resolve
the issue of weak factors, despite it being a supervised predictor.

Finally, before we conclude the analysis on PLS, we demonstrate a potential issue of PLS
due to “overfitting.” It turns out that PLS can severely overfit the in-sample data and perform
badly out of sample, because PLS overuses information on y to construct its predictor. We

illustrate this issue with the following example:



Example S2.2. Suppose x; and y;.j follow a “O-factor” model:

Tt = Uty Yt+h = Zt+hs
where ;s follow i.i.d. N(0,Iy) and zs follow i.i.d. N(0,1).

Proposition S2.5. In Ezample S2.2, if we use K = 1, then we have GrLS >p N3/2TYV2 /(N2 +

T?) while GECH <p 1/(NY2 + TY?). Specifically, in the case of N < T, grls >p 1 and

~PCA —
Y7rin SJP N2

The conditional expectation of yr4,, is 0 in this example, but g5 can be bounded away

from 0 when using more factors than necessary. In contrast, ﬂﬁf}f‘ remains consistent. The
failure of PLS is precisely due to that it selects a component in x that appears correlated
with y, despite the fact that there is no correlation between them in this DGP. While SPCA’s
behavior is difficult to pin down in this example, intuitively, it falls in between these two cases.
When ¢ is very large, SPCA resembles PCA as it uses a large number of predictors in x to

obtain components. When ¢ is too small, SPCA is prone to overfitting like PLS. With a good

choice of ¢ by cross-validation, SPCA can avoid overfitting.

S2.3 PCA Regression of Stock and Watson (2002)

Stock and Watson (2002) adopt an alternative version of the PCA regression algorithm (here-
after SW-PCA) to what we have presented in Algorithm S2.1. The key difference is that
SW-PCA conducts PCA on the entire X instead of X. Therefore, they can obtain fT directly
from this step, instead of reconstructing it using the estimated weights in-sample. While our
focus is not on PCA, the PCA algorithm is part of our SPCA procedure. Given the popularity
of SW-PCA | we explain why we prefer our version of PCA regression given by Algorithm S2.1.

Formally, we present their algorithm in Algorithm S2.3. The advantage of SW-PCA is
that the consistency of factors is sufficient for the consistency of the prediction, unlike PCA

as shown by Proposition 52.2. In other words, even though this is not true in general, @%Kf’h

7



Algorithm S2.3 SW-PCA

1: Inputs: Y, X, W and K. R
2: Apply SVD on X, and obtain the estimated factors Fsy = < XMy, where & € RVNXE are
the first K left singular vectors of X. Estimate the coefficients by time-series regression: a =

- PUREN = -1
YMw: F gy (ESWME’ESW) " and @y = YME’SWE/ (EME’SWE/) :
3: Obtain the prediction ﬂ%ﬁvh = afr +a,wr, where fr is the last column of Fgy and a,, = YW'(WW')~L.

4: Outputs: @%fh, ﬁsw, a, and Q.

can be consistent in the special case A’A = Ip. Additionally, SW-PCA is more efficient for
factor estimation in that it uses the entire data matrices X and W.
Nevertheless, the negative side of the SW-PCA is that it can be unstable because it is

more prone to overfitting. We illustrated this issue using the example below.

Example S2.3. Suppose x; and y;.j follow a “O-factor” model:

Ty = Ut, Yt+h = Zt+h,

where ;s are generated from mean zero normal distributions independently with Cov(u;) = Iy

for t < T and Var(ur) = (1 + €)Iy for some constant € > 0, and zs follow i.i.d. N(0, 1).

Proposition S2.6. In Example S2.3, suppose that T/N — 0, if we use K= 1, then we have

N N p
Var(ygm) — 00 and y]TDf;f — 0.

Intuitively, SW-PCA uses in-sample estimates of the eigenvectors based on data up to T" as
factors for prediction, whereas PCA uses out-of-sample estimates of the factors, constructed
at time T" but based on weights estimated up to T" — h. Because of this, SW-PCA may suffer
more from “overfitting” compared to PCA, if the statistical properties of the data differ from
T — h to T. Example 52.3 investigates the case with heteroskedastic uy in the scenario of
overfitting K=1>K= 0, in which case SW-PCA could perform rather wildly. This
example appears contrived, but in practice macroeconomic data are often heterogenous and
the number of factors is difficult to pin down. Such an issue is thereby relevant and we hence

advocate Algorithms S2.1 for robustness.



S3 Additional Empirical Details

In this section, we provide additional empirical details and further results to highlight the

empirical advantages of our SPCA.

S3.1 Data

Our empirical exercise combines two datasets. First, we use the standard Fred-Md database

(McCracken and Ng, 2016) that contains 127 monthly macroeconomic and financial series.”

2The series are grouped in the following categories: output and income; labor market; housing; consump-
tion, orders and inventories; money and credit; interest and exchange rates; prices; stock market. The dataset
applies a variety of transformations to the underlying series, which we follow in our analysis. We however
make a few adjustments to the series’ data transformations, to ensure that all series are stationary and based
on economic reasoning. For the Effective Federal Funds Rate (FEDFUNDS), we keep its level (i.e., no trans-
formation) instead of taking the first difference. We also compute the first difference of natural log instead
of the second difference of natural log for the following series: M1 Money Stock (M1SL), M2 Money Stock
(M2SL), Board of Governors Monetary Base (BOGMBASE; note: starting from the January 2020 (2020-01)
vintage, BOGMBASE replaced the St. Louis Adjusted Monetary Base (AMBSL)), Total Reserves of Depos-
itory Institutions (TOTRESNS), Commercial and Industrial Loans (BUSLOANS), Real Estate Loans at All
Commercial Banks (REALLN), Total Nonrevolving Credit (NONREVSL), Finished Goods (WPSFD49207),
Finished Consumer Goods (WPSFD49502), Processed Goods for Intermediate Demand (WPSID61), Unpro-
cessed Goods for Intermediate Demand (WPSID62; note: starting from the March 2016 (2016-03) vintage,
PPI: Finished Goods (PPIFGS), PPI: Finished Consumer Goods (PPIFCG), PPI: Intermediate Materials
(PPIITM), and PPI: Crude Materials (PPICRM) have been replaced with WPSFD49207, WPSFD49502,
WPSID61, and WPSID62 respectively), Crude Oil, spliced WTI and Cushing (OILPRICEx), PPI: Metals
and Metal Products (PPICMM), Consumer Price Index for All Urban Consumers (CPIAUCSL), CPI: Ap-
parel (CPTAPPSL), CPI: Transportation (CPITRNSL), CPI: Medical Care (CPIMEDSL), CPL: Commodi-
ties (CUSRO000SAC), CPI: Durables (CUSR0O000SAD), CPI: Services (CUSRO000SAS), CPIL: All Ttems Less
Food (CPIULFSL), CPL: All Items Less Shelter (CUSRO000SAOL2)?, CPIL: All Items Less Medical Care
(CUSRO000SAOQL5), Personal Cons. Exp: Chain Index (PCEPI), Personal Cons. Exp: Durable Goods
(DDURRG3MO086SBEA), Personal Cons. Exp: Nondurable Goods (DNDGRG3MO086SBEA), Personal Cons.

Exp: Services (DSERRG3MO086SBEA), Avg Hourly Earnings: Goods-Producing (CES0600000008), Avg



The Fred-Md data spans the period March 1959 to February 2022. Second, we use indi-
vidual forecasts from the Blue Chip Financial Forecasts data, which is a monthly survey of
experts from various major financial institutions* and provides forecasts of interest rates and
many other macroeconomic quantities® for each of the next six quarters (i.e., current quarter
t through ¢+ 5), for a total of hundreds of forecasts every month. Our data covers the period
February 1993 to February 2022 and we use all forecasts available (for all possible macroeco-
nomic targets) as potential predictors. This gives us up to 18,053 different individual forecasts
that could in theory be used as predictors (though, as discussed below, many of these forecasts
are available for only a small number of periods, so they are not used in our analysis). Given
that the Blue Chip forecast is only available since 1993, we conduct all of our analysis for the

period February 1993 to February 2022.

S3.2 Out of Sample Forecast Evaluation

We forecast each of the three targets (inflation, industrial production growth, and change
in the unemployment rate) using a rolling out of sample procedure. We evaluate the out
of sample forecast of SPCA and compare it with two alternative forecasting methods, PCA
and PLS. We choose these alternatives because each is a prominent example of a class of
methods used in large-dimensional macroeconomic forecasting (respectively, unsupervised and
supervised dimension reduction). Each of the three methods we evaluate (SPCA, PCA, PLS)
is benchmarked to the forecast of an autoregressive model, whose number of lags is selected
by the BIC criterion with a maximum lag of 12 lags, using a direct projection approach

(Marcellino et al. (2006); Faust and Wright (2013)). We study forecast horizons of 1 to 12

Hourly Earnings: Construction (CES2000000008), Avg Hourly Earnings: Manufacturing (CES3000000008),
Consumer Motor Vehicle Loans Outstanding (DTCOLNVHFNM), Total Consumer Loans and Leases Out-

standing (DTCTHFNM) and Securities in Bank Credit at All Commercial Banks (INVEST).
4For instance, Bank of America, Goldman Sachs & Co. and J.P. MorganChase.
5For instance, the percentage changes in Real GDP, the GDP Chained Price Index, the Consumer Price

Index and a set of interest rates (e.g., Federal Funds, 3-month Treasury, Aaa as well as Baa Corporate Bonds).
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months.

All of the analysis is performed using a rolling estimation on a 240-months window. At
every time t starting at the last month of the window, we predict the cumulated macroeco-
nomic variables from ¢ to ¢t 4+ h, where h is the forecast horizon, as in Huang et al. (2022).
Within each window, we only keep predictors that have less than 10% missing data points.
For those series that are included but do have some missing data (mostly Blue Chip forecasts)
we forward fill the last non-missing value. About half of the total of around 40 forecasters
from BlueChip available in the average month have sufficiently long series of forecasts to be
included in our analysis. All predictors are standardized within each window. Then, a forecast
is made for t + 1 using the three different methods, and these forecasts are then joined over
time to compute the out-of-sample R? (relative to the AR benchmark). When we use the
Blue Chip data, we also include dummies for month of the quarter, to account for the fact
that the Blue Chip data makes forecasts for calendar quarters irrespective of the month.’

Recall that the SPCA procedure presented in Giglio et al. (2022) relies on two tuning
parameters, K and [¢N |, whereas PCA and PLS only rely on tuning K. To demonstrate
the effect of tuning parameters, we report three versions of the results. We first show the
performance of the forecasting methods for different (fixed) number of factors K and different
(fixed) choice of |gN]|. In this case, no tuning is needed for SPCA. We then show the
performance of SPCA for each K, with a single tuning parameter of SPCA that drives the
selection step [¢/V] chosen via 3-fold cross-validation (CV) separately in each time window.
Next, we show the results when both the number of factors K (for SPCA, PCA and PLS)
and the tuning parameter [g/NV| (for SPCA) are jointly chosen via CV. We consider a range

of |gN | from 50 to 300.

6For example, in January, February and March, the “current quarter” forecast always refers to Q1.
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S3.3 Additional Results
S3.3.1 Predictors Selected by SPCA

Building on the empirical analysis in the main text, we now examine in detail how SPCA
selects predictors. Figure S1 shows which variables are chosen by SPCA to extract the first
factor (focusing on the 50 with highest correlation with the target, for reasons of readability).
For the three targets (one per column), the graph reports which variables were selected in
each of the rolling windows in our sample. The top part of the graph collects the 127 Fred
variables, grouped according to the standard Fred-Md categorization, in alternating blue and
red colors. The bottom part corresponds to the BlueChip surveys, grouped by the target of
the individual forecast (therefore, each row in this part of the graph is a forecast of a particular
variable, at a particular horizon, by a particular expert). A darker color in this graph means
that the variable is selected in that window.

Consider for example the inflation graph on the left. To extract a factor useful to predict
inflation, SPCA selects a large number of variables from a few groups: output, consumption,
rates, prices, and the stock market. Other groups are almost never selected. Rates are selected
more for IP growth, and labor variables are selected more when predicting unemployment.
Housing variables are rarely used for all three targets. Note that in many cases, the same pre-
dictors from each group are used, indicating that the predictive power of these macroeconomic
variables is persistent.

To this macroeconomic set of predictors, SPCA adds a selection of individual forecasts
from the BlueChip data as additional predictors. For reasons of space, the greyscale part of
the graph shows a subset of these predictors: only those that are selected among the top 50
predictors at least in one window. The graph shows that different types of forecasts are used at
different points in time, with some exceptions. Not surprisingly, to predict inflation, forecasts
of the consumer price index are always included. To these forecasts, SPCA adds forecasts of

GDP in the first and last part of the sample, and interest rates in the intermediate part of the

12



Figure S1: Top 50 Predictors Selected by SPCA. Under the same settings as Figure 2, each panel visualizes
the top 50 predictors selected by SPCA across windows while predicting each target. The first set of variables
(in red and blue) are Fred predictors, and the second set (in grey) corresponds to the BlueChip forecasts. For
the latter set, only the predictors ever among the top 50 by correlation with the target are visualized.
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sample. GDP forecasts are used throughout the sample to predict changes in unemployment,
and become more dominant for all target variables toward the end of the sample, whereas
inflation predictors tend to be more important beforehand. This switch is perhaps due to
the fact that in the later part of the sample the zero lower bound was close or binding and
inflation was low and not very volatile.

Finally, we note that not all Blue Chip forecasters are the same in terms of forecasting
ability. Among the institutions whose forecasts are included in our analysis because they
have a sufficiently long time series (each providing tens of forecasts, of different variables at
different horizons), we find significant heterogeneity in the frequency with which their forecasts
are selected by SPCA. For example, Nomura has its forecasts selected between 23% and 39%
of the time at the first iteration (depending on the target). Swiss RE, on the other hand, has
its forecasts selected only 0.1% of the time, for each target. This distribution is quite skewed:
only 5 institutions have their forecasts selected more than 10% of the time for each target,
out of the 20 included in our sample. Similar results hold when looking at selection at any

iteration of SPCA.

S3.3.2 Joint Forecasts using Many Targets

Next, one special feature of SPCA is that it can operate the selection using a set of multiple
targets jointly. In fact, using multiple targets is required by the theory (see Giglio et al. (2022))
to do inference, as long as there are more than one factors in the true DGP. We implement this
here by predicting each target at horizons of 1, 2, 3, 6 and 12 months jointly. Figure S2 reports
the out of sample R2s on each horizon. There are two main results that this figure highlights.
First, SPCA tends to do on average well at longer horizons (3, 6 and 12 months), whereas
its performance is more uneven at shorter horizons. Second, comparing the middle panel
(predicting one quarter ahead) with the left panel of Figure 3, which focused on the 3-month
horizon only, we see that the use of other horizons to help select predictors has different effects

for different targets. It significantly improves the forecasting ability for unemployment, but
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reduces the forecasting ability for IP growth (mildly) and inflation (significantly so). Overall,
the performance of SPCA remains on par with the other predictors when using multiple
targets, especially at longer horizons.

Figure S2: OOS Performances - Different Targeted Horizons. Similar to Figure 3, but showing the out of
sample R?s at different horizons, and using all the horizons concurrently to estimate the factors in SPCA.
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S3.3.3 Time Series of the Forecasts

Finally, we study the time series of our out-of-sample forecasts at different horizons, using
the estimates obtained in Section S3.3.2, for horizons of 1, 2, 3, 6 and 12 months. Figure S3
reports SPCA’s forecasts with asymptotic forecast standard errors at each maturity. In the
figure, the blue dots represent the underlying time series that is the target of the forecast:
log CPI, log IP, and unemployment, all scaled to start from 0 at the beginning of the sample.
For readability, we show the forecasts every six months, each for horizons up to 12 months.
Standard errors are obtained using the asymptotic distributions derived in Giglio et al. (2022),
and are plotted in three shades (the 10th and 90th percentiles in the darkest shade, 5th and
95th in the middle shade, and 1st and 99th in the lightest shade).

Overall, SPCA does a good job forecasting the three series, with the forecasts often antic-
ipating changes in the direction of the different variables. For example, IP forecasts predicted
the increase starting in 2016, and the decrease that started in 2018. Of course, in other times
the forecasts miss significantly, sometimes for several periods in the same direction. Two

examples: first, forecasts do not fully anticipate the persistent decrease in unemployment

15



that occurred during 2013 and 2014. Second, all forecasts miss (as they should have) the
unexpected and extraordinary events of the Covid pandemic (both the initial shock and the
recovery). In that period, the point estimates change dramatically over a short period of time,
and standard errors increase noticeably, demonstrating the large amount of uncertainty about

the path of the economy during those times.

S4 Mathematical Proofs

For notation simplicity, we use X, F, U, Y, Z in place of X, F, U, Y, and Z, and use T}, for
T — h. In addition, without loss of generality, we assume that ¥ ; = [ in the proof, in that

we can always normalize the factors by 2;1/ ? and redefine 4 in (1) and « in (2) accordingly.

S4.1 Proof of Theorem 3.1

Proof. We start with the DGP without w; first. Throughout the proof, we use )Z'(k) =
(X (k))[fk] to denote the matrix on which we perform SVD in each step of Algorithm 1. The
first left and right singular vectors of )?(k) are denoted by Sy and E(k), while the largest
singular value of X (k) 1s denoted by Th/)\\(k). As a result, X(k) =T, ! HX(HH% Moreover, by

definition

~ 1212 D S 12125 ~
S =T, A Xwéw,  Ew =T A Xn<m- (1)

Therefore, our estimated factor at k-th step is ﬁ(k) = Qk))?(k‘) =T, ;/ QXglg 'gék)‘ Consequently,

the coefficients of regressing X and Y onto this factor are, respectively:

- —1/27-1/2 = ~ —1/27-1/2 -
Buy =T, X0 X&wy and  agy = Tp, 2N, Vi €. (2)

Then we define lN)(k) € RIVXN jteratively by

k—1

S —1/27-1/2 ~

Dy = (In) gy = DT A0 X €0 Do
=1
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(a) Inflation
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0.25

intervals for horizons up to 12 months. The forecasts are shown every 6 months, in alternating red and green

Figure S3: Fan Charts. Using the same estimates as Figure S2, each panel shows the forecasts and confidence
colors (for readability). The blue dots are the cumulative targets of the forecasts.
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with 5(1) = (]IN)[T}' We can show by induction that )Z (k) = 5(k)X. In fact, by Lemma S4.1,
we have Egz)é( =0fori#7< K which suggests that F ’s for all k£ are pairwise orthogonal.

Using this property and the definition of )N((k), we have

k—1
Xy = (X )) [Ti] ka HM = [Ik] (HTh - (i) Ez)) ’ (3)
for £ > 1 and when k =1,
Xy =X = B+ Uy

Using (1), if )Af(i) = E(i)X for any ¢ < k we can write (3) as

k—1
> >0 /253 1/2 > - ~
Xy =X, <]ITh - meféz‘)) X7 ZT 78@sH X = D X.
i=1
Since )N((l) = X[Tl] = 5(1)X holds immediately by definition, we have )N((k) = lN?(k)X by

induction. In light of this, the estimated factors satisfy

Fiy = Sy Xy = Sy D X, (4)

for all k, and by definition, we have E(k) = (é\(lk)ﬁ(k))/ . Moreover, using (2) the estimated

coefficient 4 can be written as

? ®
~ —1/27 1 2 =
=Y awdnD Z XY EwySly Dy (5)
k=1 k=

We further define B(k) = 5(k)ﬁ and ﬁ(k) = E(k)U, then )?(k) can be written in the form of

Xy = BogF + Ugy. (6)
We also define the population analog of E(k) for each k by

Dy = (In)my — ZA BigbwsiPay:  Day = (In)n),

where /A is the leading singular value of B, Sx) and by, are the corresponding left and

right singular vectors of 3(;). By a similar induction argument, we can show that

By = By | [ M, = Diwy 8-

i<k
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Intuitively, E(k) and 5(1@ are sample analogs of B and Dy,
Similar representations to (6) can be constructed for Y := Y [, F/ for each k.

Specifically, we have

k—
) (HT;L Z ) = amF + Zw), (7)

where o) € RP*K and Z(k) € RP*Tr are defined as

k—1 k-1
~ —1/27-1/2y 2 > 5 —1/27-1/2¢ 2 ~
Ay = a— > T, XY EaSnBe and Zuy == Z =Y T, XY €&y Un-
i=1

By Lemma S4.3, we have P(I, = I;) — 1 for k < K and P(K = K) — 1. Thus, with
probability approaching one, we can impose that fk = [ for any k and K = K in what
follows.

To prove Theorem 3.1, using (6), the estimated factors can be written as

Fy = Sy Xy = Sy B I+ Sy Uty

)H = \/Thx(k), and |Mg || < 1, we have

o~ —1 .
= HF(’“>H H%%)H <p g VEN"VZHV/2 L ToINY,

Using Lemma S4.5(i),

~

~ -1
ol e

S4.2 Proof of Theorem 3.2

Proof. By definition of X, in Algorithm 1, we have

Therefore, using (7), we have
-1
XYy =X (Hn - Z&i)ﬂi)) Yy = XY,
i=1

as Y(k)g(i) = 0 for ¢+ < k by Lemma S4.1. Therefore, the covariance (X(k))m Y(’k) for each

predictor equals to X [Z-]Y(’k). Based on the stopping rule, if our algorithm stops at K, there
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> ¢. Let S denote

are at most ¢ N — 1 predictors among all satisfying 7} HX (i

the set of these predictors. For ¢ € S, we have
—1 1 -V
et P e e .

< N7¥ from Assumption 2 and Lemma S4.3(vi) in the last step. On

~

where we use ||3]|yax

the other hand, in light of the set I, in Assumption 2, we have

Z HT 1X’L]YKH

1
Z HT X"]YKJrl) (R+1)

+ Z HT}L_IX[%]Y,
iclpnsSe F

(9)
<p [IgNS|N7Y + Iy N S°|c? < gN*™ + 2Ny = o( NgN ™),

where we use (8), |S] < ¢N — 1, eN*/? — 0, and ¢N/Ny — 0. Consequently, (9) leads

to ‘Y(I?H)X[IIO]H = OP(N&/QN*”/QT). Moreover, using (7) and that X = SF + U, we can

decompose
Yz Xii = QP F By + Gy FU) + Z &t Bl + Z(K+1)U[/Io]' (10)
Using (9), (10), Lemma S4.8(i)(ii), and the fact that || 8| < Ng/QN_”/Q, we have
Haz( iy (FF' Bl + FUL) H = op (Ny/*N=2T) (11)
Also, using Assumption 4(i), Assumption 1(i) and Weyl’s theorem, we have

ok (FF'8(1) + FUy) = ok (TuBuo)| < || FUly || + T [| T, FF = T | || B

<p N1,

Since Assumption 2 implies that ok (5y,) =< Ny V2N-v/2 we have ox(FF'Bl, + FU,) =<
N&/2N_”/2T. Using this result, (11) and the inequality H&(Kﬂ) (FF’ﬁ[’IO] +FU[IIo}>H >

ok (FF'Bir) + FU,) ”&(R-i-l)

, we have Ha(f(“)H 5 0. That is, by definition of &z,

in (7),

Q—ZY@)%)—% = op(1). (13)

( =
i=1 \/ Th)
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Next, (5) and E(k) = l~)(k)ﬁ imply that

76 = ZT‘”Q Ao Y€t By

Therefore, (13) is equivalent to |78 — al| = op(1).
As shown in Lemma S4.11, Assumptions 1, 3, and 4 hold when we replace F', Z and U by
FMy, ZMy and UMy, Therefore all of the lemmas and the result |75 — «|| = op(1) also

hold when w; is included. We write the prediction error of yr., as

Yr+n — Er(yrin) = Jor + (@ — YBw)wr — afr — awy

(14)
=8 = a) (fr = FW'(WW") " wr) +5(ur — UW'(WW) " wr) + ZW' (WW') " w
Using (5) and ||Y|| < [[aF|| + || Z]| <p T"/? by Assumption 1, we have
IFurll < 3 T3 3G IV || 19 Dawyur| S 32 R Ky Dyl (15)
k<K k<K
and
W < Z T PRIV & | 5t Deotw|| se 30302 [T ||- (16)
kgK

Together with ||(WW')~!|| <p T~! from Assumption 1, /):(k) =p ¢N'7" from Lemma S4.3
and Lemma S4.5(ii)(iv), we have ||[Juz|| = op(1) and |[JUW'(WW')~|| = op(1). In addition,
using [|[FW'|| <p T2, ||ZW'|| <p T'/? from Assumption 1 and |78 — a|| = op(1), we show

that each term of (14) vanishes, and hence yrin — Er[yris] 0. O

S4.3 Proof of Theorem 3.3

Proof. As in the proof of Theorem 3.1, we impose that K = K and _/T; = I}, since Lemma 54.3
shows that both events occur with probability approaching 1. As shown in Lemma S4.2(iv),
under the assumption that Ax(a’e) > 1, we have K = K. Together with P(K = K) — 1, we

have obtained (i) of Theorem 3.3. Below we directly impose that K=K.
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Again, following the same argument above (14), we only need analyze the case without

wy. As ﬁ(k) = T,i/ﬁl,ﬁf{gk), Theorem 3.1 implies Hg{k)MF/ <p g VENTVEZ L TEINY for

(
k < K. Let v denote F'(FF')~/2, we have

- 8] - 6w oo "

E/ UU’E — Ik

g VEN-Y2H2 L TEINY . By Weyl's inequality, |0i(§A’v) — 1| $p ¢ VENTVZV2 L TTINY for

where & is a T x K matrix with each column equal to g(k). (17) implies that ‘ ‘ <p

1 <1 < K, and thus

2

(B PO Y

<Pq—1/2N—1/2+V/2 + T_lNV.
Then, using this, (17), and the fact that ||v|| = 1 and HEH =1, we have

IP5 — P

-

< &€

)v/H <p g VANV LIy
Next, we need a more intricate analysis of 7. Recall from the proof of Theorem 3.2 that
K
~ —1/27-1/2v % P
98 =" T A PY &Sl By (18)
k=1
Denote By = (bi1,...,bz,) € RKXIA(, By = (bi2,...,bgy) € RK”?, where
b = T2 FEy,  big = xl 2Blrie)- (19)
By Lemma S4.6,

HT,;”QZE(M T ZFb| <p T7INY 4+ ¢ N7 (20)

As we impose that K = K = K, combining (18), (19) and (20), with ||By|| <p 1, ||B2|| <p 1

from Lemma S4.9, we have
|78 — aBiBy — T, 'ZF'BoBy|| Sp T 'NY + ¢ ' N~ (21)

Using Lemma S4.9(iv)(v), we obtain |78 — a — Th_lZF/H Sp T7'N" 4 ¢ N~ O

22



S4.4 Proof of Theorem 3.4

Proof. As in the proof of Theorem 3.2, we have |[FW/'(WW")7'| <p T7'? from As-
sumption 1 and |[FJUW/(WW')7Y| <p T7' + ¢ 'N~! as shown in (16). Together with

|78 — =T, ' ZF'|| <p T~ + ¢ "' N, we can derive from (14) that:
@\TJrh - ET(yT+h> = T/':le/fT + ZW%WWI)?I'LUT + :Y\'U/T + OP(Tlel/ + q71N71+I/>.
By Assumption 1, we have |\; ( 12_1/2WW’E_1/2> — 1| <p T7Y2 and thus

|ZW' (WW") " wr — Ty, ZW'S g ||

< 2w (T W W)™t = 01| [lwr |
(22)
e TS, WIS YR Tp|| = T max| A (TS, WS, L) B |
<pT %
For Aur, by (5), we have yur = Zszl a(k)qk)f)(k)w and thus
K
Z A, 1/2ab g(k wur|l < Z H g(k Up — A&l)/zab(k)§('k)D(k)uT“ ) (23)
k=1
Lemma S4.7(ii) and Assumption 4 gives
(St Dayur = s Dugur| Sp T-2N"2 4 g 12N, (24)

In addition, (2) and Lemma S4.1 give A({}aw = T, /*Y &) = aby + T, /> Z&u). With (20),

|ZF'|| <p TY? and ||bgo|| <p 1 from Lemma S4.9(i), this equation leads to

|

Using ||bk2 — b(k)H <p T7V2NV/?2 4 71 /2N—1/2+/2 implied by Lemma S4.9(iii) and /):(k) =p

//\\élga\(k’) — ozbkl

+ HT IZF kaH < T_I/QNV/2+(]_1N_1+V.

HT V2780 — T ZF by

gN'™ from Lemma S4.3(iii), we have

Ha(k) — )\(_kl)/QOéb(k)H S H&( )\_1/2ozbk2

+ HA‘W (b — beo)

(25)
<pT*1/2q*1/2N*1/2+” g INTY

~Y
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Also, with Lemma S4.3(iii), we have
B2 AP < AVERZ L | Sp TV AN iy
Since ||b(k)H = 1, the above two inequalities lead to
Ha(k) _ )‘(71:)/2(15(@” < T2 V2N 4 L Ny (26)
For each term in the summation of (23), we have

H Ak)S(r) D(k up — /\_]€1/2ab(k)§ék)D(k)uTH
(27)

< H QS )D(k) T —S‘( yDwyur H + H Q) — )\ZI abgy)s k)D( )uTH
Note that (25) also implies Ha(k)H <p ¢ VANTUZV2 g5 /)\\(k) = ¢N'"", and that
(24) implies the first term in (27) is Op(T~Y2q Y2N"Y% 4 ¢7IN=14) Furthermore,
Sty Piwyur| <p 1 from Lemma S4.5(iv) and (26) show that the second term in (27) is also

Op(T~12q712N=1/2v 1 =L N=14v) " Given this, (23) becomes

K
Fup — Z )‘(_]ql)/zab(k)§(,k)D(k)uT <p T-1/2q—1/2N—1/2+u + q—1N—1+u. (28)
k=1
To sum up, we have established that
N ZF' A4
Yrin — Er(yrin) = fT T ¥y wr + Z A / i)y Dy ur

k=1

+ OP (Tleu 4 qleflJru) )

In the general case that ¥; may not be [, the first term becomes Th’IZF’E;lfT. Using the
fact ¢y = )\(_kl)/zﬁ(k)b( = )\ L/ QE[Ik]b and the iterative definition of D(y), we can see that
)\(kl)/zg(’ yDyur is exactly the kth row of A1 Wur with A, Q, and ¥ defined in Theorem 3.4.

Using Delta method and Assumption 6, it is straightforward to obtain the desired CLT. [
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S4.5 Proof of Theorem S1.1

Proof. Using Theorem 5 in Fan et al. (2013), to establish the error bound Hiu — X,

, it 1is
sufficient to show that HU UH = op(1) and

MAX

%%{T Z‘Uf@t - ﬂn|2 ,SP (log NT)(T*N” + qilN*””),
t
These two estimates have been shown by Lemma S4.10(iii)(iv). If

M ((log NT)V2(TV2NY/? 4 7 2N=120002)) 77 = (1),

then Hi‘u —

— op(1). With [, Dysy = sy Dosy | Se T /2N"12 4 g VAN 124002 from

Lemma S4.7(ii) and 5 = 3~ _ ¢ @) S(y) D), rewrite the proof of (28), we have

~ Z )‘(_1:)/205b(k)§(,k)D(k) <p T_1/2q—1/2N—1/2+u + q_lN_lJ”’. (29>

k<K

Recall that /\_kl)/%’ Dy is exactly the kth row of AU, the left hand side of (29) is
equivalent to ||y — aBATIQ¥||. In addition, under the assumption Cov(u;) = %, I35 equals

o (gN*™)"1UX, ¥ Let ¥ denote a BA™1Q/T, then we have

By — 2 = gN' (307 - 75 )
Consequently, we have
< gN' | F(EL — ST

|&: - @, NI = D2+ N 5 -] (30)

Using the definition of Dy, ||l < (@N'™)Y2, and A\ =< gN'™, we have |[J]| <

q—l/QN—l/Q-‘,-V/Q. iu —3,

= op(1), (29), ||IZ.|] < 1 from the assumption and

1]l < ¢ V/2N—1/2+v/2 " all three terms in (30) are op(1). O

S4.6 Proof of Propositions S2.1 and S2.2

Proof. Note that for any orthogonal matrix I' € RY*¥ the estimators based on PCA and

PLS on I'R are the same as those based on R. Thus, without loss of generality, we can assume

B = (AY2,0,---,0), where A = ||3]|* and it will not affect A.
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We can then write X in the following form:

\/XF—i‘ElAl
X =BF+U=BF +¢cA, = : (31)

€2A1

where ¢ is the first row of € and €5 contains the remaining rows. Correspondingly, we write
the first left singular vector of X as ¢ = (,<})’, where ¢ is the first element of < and & is a
vector of the remaining N — 1 entries of <, write E as the first right singular vector of X, and

denote the first singular value as Vv T By simple algebra we have

(VAF + e ADE o — e241€
= ) 2 — = -
TA VTA

Since the entries of F' are i.i.d. A(0,1), we have large deviation inequality |7, 'FF’ — 1] <p

= (32)

T-1/2. This also implies that |F|| — T}, /> <p 1 by Weyl’s inequality.
Similarly, we can get |T), 'erey — 1| Sp T2 and ||ey || —Th_l/2 <p 1. In addition, by Lemma

A.1in Wang and Fan (2017), we have ||[N"1U'U — A, A || < || A])* |IN“'e'e — TIp, || <p /T/N.

Next, by direct calculation using the previous inequalities we obtain

F/61A1 +A/16/1F U/U - NAllAl 1 NT 1
- P+ Y Sp
Tyv/A Ty VA T Vo

Together with (31), we have

1
Sp ﬁ

Let 1 denote the first eigenvector of the matrix M := T, ' F'F + §A} A;. With the assumption

X'X FF NAA (33)
oA T T\

that N/(TA) — 5, (M (M) =X 2(M))/ A\ (M) Zp 1 and (33), by the sin-theta theorem in Davis

and Kahan (1970), we have ‘

P, - Pgl| = ||P, - P7,

= Op(l).

In the case that A} A; = Iy, , the eigenvalues of M are given by

T,'FF' +6 i=1;

) 1> 2.
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and the first eigenvector is F”/||F||. Since the largest eigenvalue of X'X/(T,\) is /)\\/ A with

its corresponding eigenvector é\, (33) and Weyl’s theorem yield that

N FF N 1
X— Th +ﬁ+OP(ﬁ>—1+5+OP(1), (35)

and the sin-theta theorem implies that

- - rierye-@

Furthermore, (36) implies that (FF)~(F§&)2 = ¢F/(FF)™\F& = 1+ op(1). Together with
TP FF' — 1] < T7Y2 and the fact that the sign of ¢ plays no role in the estimator ., we
can choose E such that

3
\/_T_h —1= Op(l). (37)

Therefore, we have

R R YAA/ FAA/ -~ +7
Gun = acop = 80 _ & (SBIr A Sur g o), (38)

=« =« —
VTN AJTd %)
Using (32), we have

?’ﬁ . \/X/g\l . A(F+/\_l/2€1A1)g_ i Fg i €1A1§
A5 A h S\ TV )
Using (35), (37), [|A1]| < 1, and ||e;|| <p VT, it follows that

JB p 1

. 39

\/i 1 +0 (39)

In addition, as Cov(ug,u;) = 0 for s # t, ur is independent of < and thus Jur = Op(1).
Combined with (38) and (39), we have Jry, — 22 = (14 8) " Er(yrss). O

S4.7 Proof of Propositions S2.3 and S2.4

Proof. In the case d = K =1 and z; = 0, the PLS estimate of the factor is F=FX'X. With

(33) and T, ' FF' — 1 = op(T~/?), we have

HT,;lA—lﬁ — F (Ig, + A Ay)

=op (T'?). (40)
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Let n = F (I, + 0A1A;), and & = F/ Hﬁ

& =/ Inll, with [lg]] < T2 and || 7 2 F |

— |Inll = op(T"/?) implied by (40), we have Ha — &l =5 0 and thus

HPﬁ’ — Py

a6 &g <2[a & o

This completes the proof of Proposition 52.3. In the specical case A]A; = Ir,, as in Section

S2.2, we can write
Jron = [YX'X| Y X'XY'YX'2r = o[ FX'X|| °FX'XF'FX' 2. (41)

We now analyze ||[FX'X||, FX'XF' and FX'zr, respectively. Recall that from (33), we have

= op(1). Along with |T;, ' FF' — 1| <p T~/2, we have

X'X F'F
H T\ Ty 5HTh

1 1
—- [FX'X] =
VI

T2\
For the same reason, by direct calculation we have

F (];:f + 6]1Th) H +op(1)=1+0+o0p(1). (42)

F'F
T,

1 1
—FX'XF' = —F
T2\ T, (

- 5]1Th> F' 4 op(1) 25 146 (43)

Next, write X in the form of (31) as in the proof of Proposition S2.1. Then, using

led]| <p VT, we have

1 FF'  FA¢€ p
— FX'B=—"—p 11 "\ 44
Th A p Ty TV (44)

In addition, as ur is independent of f; and z; for t < T', and (43), we have
A I FXur] Se s [FX 25 0 (45)
T\ TP '

In light of (42), (43), (44), (45) and (41), we have concluded the proof. O

S4.8 Proof of Proposition S2.5
Proof. The explicit form of the PLS estimator in this case is
GELS — Y XX | Y X' XYY X g = || ZU'U| 72 ZU'U Z' ZU

28



Recall that U=(uy,- -+ ,ur_p), ur is independent of U and Z. Therefore,
Var(gris) = 1200 | 2071

As z; and u; are generated from independent standard normal distribution, we have || ZU’|| <p
TY2NY? and |U| =<p NY? + T2 Thus, Var(yrly) Zp N3T/(N*+T*). On the other
hand, the PCA estimator is gr¢ = |U|| ™ Z&&up, where < and € are the first left and
right singular vectors of U. Note that Z is independent of E and ur is independent of <, we
have HZEH <p 1 and |[C'up| <p 1. Along with the fact that |U] >p N2 + T2 we have
TG Se LN 4 TV, a

~Y

S4.9 Proof of Proposition S2.6

Proof. The estimated factor F is the first eigenvector of X’ X = U'U. By Lemma A.1 in Wang
and Fan (2017), we have |[N7'U'U — diag(1,...,1,1+¢€)| <p +/T/N. Note that the first
eigenvector of diag(1,...,1,1+¢) is (0,0, ..., 1), sin-theta theorem implies that | fr|/ Hﬁ” RN
2

A~ 2 S ~
1. As HE 2= HF

we have H E H / ]/”\T L0, As Z is independent of U, conditioning

on U, the estimated coefficient & = 7E , (ﬁ /> follows a normal distribution with mean 0

-2
and variance H F H . Consequently,
Nl ~7 27N e
Var(f10) = Var@frlv) = (Fr/ | E|]) > oo,

which in turn implies that Var(ﬁ‘?m) — 00. On the other hand, in our PCA algorithm, let ¢
and € denote the first left and right singular vectors of X = U, then gt = U |~ ZEup,
Note that Z is independent of & and uz is independent of <, we have HZZH <p land [[<ur|| <p

1. Along with the fact that ||U]| Zp N2 4 T2, we have g5¢! 0. O

S4.10 Technical Lemmas and Their Proofs

Without loss of generality, we assume that ¥; = Ix in the following lemmas. Also, except

for Lemma S4.3, we assume that K =K and fk — [ for k < K, which hold with probability
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approaching one as we will show in Lemma 54.3.
Lemma S4.1. The singular vectors g(k)s in Algorithm 1 satisfy ggj)g(k) = 0, for j, k < K.

Proof. 1f 7 = k, this result holds from the definition of E(k). If j < k, recall that X (k) 1s defined

in (3) and 5(10 is the first right singular vector of )~((k), we have

~ R
Xy =X [ ] (HT - 5<¢>5<z~)> and €y = arg max o
i<k veRT v
If Egk)f(j) = ¢p # 0 for some j < k, then
HXuc)(f(k) - Co&ﬂ)” = H X — coXmsu)|| = HXUc)f(k) ) (46)

since the definition of )Z'(k) implies that )?(k)g(j) = 0 for j < k. On the other hand, since

m&G) = co # 0, we have ({u) — cof(j))'€(j) = 0, and consequently,
2

(47)

2 ~ ~
> H&k) — Co&(j)

2 ~
+ Hcofm

~ 2 ~ ~
H&k)H = H&k) — co&(j)

Apparently, if “X(k)" = 0, the SPCA procedure will terminate so we have HX(IC)H > 0 for

k < K. Together with (46) and (47), we have
H HXUc)(&k) - Co€<j>)H

o~

H&k) — Co8(j)

)

which contradicts with the definition of E(k). Therefore, Egk)g(j) =0forany j <k < K. ]
Lemma S4.2. Under assumptions of Theorem 5.1, by, By and K in Section 3.1 satisfy
(i) Vb = Ojx for j <k < K.

H2 = gN177.

(it) Aoy = ||Bewy
(iii) K < K.

(w) K = K, if we further have \r (/o) > 1.
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Proof. (i) Recall that b is the first right singular vector of 5 and By = Bz, Hj<k M, -
Using the same argument as in the proof of Lemma S4.1, we have b’(j)b(k) = 0 for j,k < K.

(ii) The selection rule at kth step implies that

2 2
17> B [ M, o > Ng' (1B [ M, (48)
1€l i<k MAX 1€lg i<k MAX
For any matrix A € R¥*P and set I C [N], we have
ZHAMHMAX HAU]HF <DZHA HMAX’
i€l i€l
and || Ap||* < || Aw][s < D ||A )" We thereby have
|A[1] H Z HA[Z] HMAX (49)
i€l
Using this result, (48) becomes
2 2
[ k|™ ‘ By [ Mo, o || 2 No ||Bo) | [ M,
<k <k
Then, we have
Hﬂ(k) H / 1 /
M, . M > — M, .
\/m ]11 b & |]k Bin) E by X || < VN, Biro) E bij) & )
O-K /B[I()

H Mb(])

I<k

jer My 0 = B (T, My, )2 = By [, My, @ in the first inequal-
ity. With ox(Bi1)) 2 +/No/N¥ from Assumption 2, (50) leads to ||Buy|| = v/IZxl/N*. In
addition, Assumption 2 leads to ||Bu || < +/|Zk|/N”. Therefore, we have Hﬂ(k)H = |Ix|/N" <

where we use By, [ ]

gN'™" as |I;| = qN.
(iii) From (i), we have shown that b)’s are pairwise orthogonal for k < K. Tt is impossible
to have more than K pairwise orthogonal K dimensional vectors. Thus, K < K holds directly.

(iv) Recall that K is defined in Section 3.1. Since the SPCA procedure stops at K + 1, we

have at most g/N — 1 rows of § satisfying HBM IT i<k Mb(j)o/ > ¢, which implies
= X

2

By [ M, o || S aN/NY + (No — gN)c® = o(No/N"),

J<K
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where we use (49) and the assumptions ¢cN*/2 — 0, ¢N/Ny — 0, and a similar argument for

the proof of (9). With o (Bi1)) 2 /No/NV from Assumption 2, we have

(e H Mb(j) S O'K(ﬁ[jo})il 6[[0} H Mb(]_)o/ = 0(1) (51)
j<K J<K
If K <K —1, using (i), we have alljcg My, =a—a) . zbyb,, so that

ok (a) <oy H M, | +ox |« Z b(J ) (52)

J<K j<K
Since
Rank | « Z b(j)b’(j) <K<K-1, (53)
J<K

we have ok <a di<k b(j)b’(j)> = 0. Therefore, by (51) and (52), we further have ox(a) <
o1 (a [l<x Mb(j)) —0. This contradicts with the assumption that Ag(o/a) 2 1. Therefore,

we have established that K > K. Together with (iii), we have K = K. ]
Lemma S4.3. Under assumptions of Theorem 3.1, for k < K, I, K and By satisfy

(i) P(I, = I) — 1.

(ii) Hf%) - B(k)FH Sp ¢/ANV2 4TV,

(ii) ’)\1/2/)\1/2 1| <p q—l/QN—1/2+1//2 +T—1/2Nu/2; and ’):(k) =p )\(k) = gN'v.

o [ - ] = [P, — T F T ] g g o

(v) P(K = K) — 1.
For k < K + 1, we have

(vi) |17 XY = BTTZ) Mg

<P (log NT)l/Q (q—l/QN—1/2+u/2 4 T—1/2Nu/2) )

Proof. We prove (i)-(iv) by induction. First, we show that (i)-(iv) hold when k = 1:
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(i) Recall that 1 is selected based on T, ~1XY" and [ is selected based on Sa/. With simple

algebra, we have
T,'XY' — B’ = ﬂ( T 'FF' —]IK) o+ T, 'UF'o + T, 'BFZ' + T, 'UZ'.
With Assumptions 1, 2 and 4, we have

|7 XY = B[y a S IBliax 1T FF = Lie|| lladll + T U F [y Nl

+ T 1 Blliax 1 FZ'|| + T U Z || yax Se (log N)Y2T712,

v

From Assumption 5, we have cg\), - c(% Py ((;\), and the definition of K implies that ¢ N >c

for k < K. Thus, we have cl(ﬂ% — c(]\),Jrl 2 ¢. Define the events

Al ;:{ HT}L_lX[z]Y/ > ( ((1]\)[4—0((]11\)[4_1)/2 for alliEIl},

HMAX

Ag s = { T XY yae < (el + clian)/2 for all i € I} (54)

hiax

Ag s = { |17 XY = Bge[[ax 2 (chiy = chia)/2 for some i € [N]}.

It is easy to observe that {fl =1} D Ay N As. In addition, from the definition of I;, we
have HB[Z']O/HMAX > c% for all « € I; and HB[Z']O/HMAX < cfﬁ\),ﬂ for all ¢ € I{. Therefore, if AS

occurs, we have HT,Z_IXMY’ - B > (cg?f — cf;\),ﬂ)/Q, for some ¢ € I, which implies

!
ij ||MAX

A C As. Similarly, we have AS C As. Using {Il =11} DA NAyand AU A§ C As, we have
P(I, = I;) > P(A; N Ay) = 1 — P(AS U AS) > 1 — P(Ay). (55)

Using ¢ *(log N)/?T-'/? — 0 and cg\), — Cgﬁ\),ﬂ > ¢, we have P(A43) — 0 and consequently,
P(I, =) — 1.
(ii) Since _/f\l = I, with probability approaching one, we impose _/7\1 = I; below. Then, we

have )?(1) = Xz, by (3) and Assumption 3 gives H)? n— Byl ‘ = HUH]H <p qV/2NV2 4 TV2,

(iii) From Lemma 54.12, we have o;(81)F)/0; (b)) = Tl/2 + Op(1), which leads to

1B F| = TN = lon(By F) — T 2o (By)| Sp g /2N27072, (56)
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where we use )\%1/)2 = ||B)|| = ¢"/*N"27¥/? from Lemma S4.2 in the last step. In addition,

the result in (ii) implies that
|HX<1>H — By Fll < Hffu) - 5(1)FH Se ¢! PNV TR, (57)

Using (56), (57) and Ay =< ¢N'™", we have

R . I .0 el T T R i
sz =l s 723172 N
A T A 57 B

§pq*1/2N*1/2+”/2 L2 N2,

and thus X(l) =p gN*77.

(iv) Let {N(l) € R™>*! denote the first right singular vector of 5;)F. Lemma S4.12 yields

|Pe,, ~ 7 PR | S T (58)

and o;(B1)F)/o;(Buy) = TJ/Q + Op(1). The latter further leads to

o (ByF) — o2(By F) = Ty * (01 (By) — 02(By)) + Op(1(By)) =p T30 (Bry),  (59)

where we use the assumption that o(51)) < (1 +0) 'o1(8q)) in the last equation.
Using sz(l) - ﬁ(l)FH <p ¢*/2N'2 + T2 as proved in (ii), (59), Lemma S4.2 and Wedin

(1972)’s sin-theta theorem for singular vectors, we have

1/2N1/2 T1/2

q + 12 A _

< < /2N 1/2+I//2 T 1/2NV/2 60
" 01(BuyF) — o2(Buy F) ~F (60)

H]pﬁ('l) ~ P,

In light of (58) and (60),the first equation in (iv) holds for £ = 1. As Pﬁ(/k) = E(k)égk), left and

right multiplying this equation by Egl) and E(l), we have
1= T, (b Féw)?| Sp g V/ANTRE L T ANV,

which leads to |1 — T}, "/?b, FE)| Sp ¢ V/2N—Y/2+/2 4 T-Y/2N¥/2, Left-multiplying it by b

gives the second equation in (iv).
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So far, we have proved that (i)-(iv) hold for £ = 1. Now, assuming that (i)-(iv) hold for

j <k —1, we will show that (i)-(iv) continue to hold for j = k.

(i) Again, we show the difference between the sample covariances and their population

counterparts introduced in the SPCA procedure

be written as
k—1

k-1
/
s H M,
7j=1
k-1
/
s H M,
j=1

k-1

U MA/ F//
],1;[1 it

IN

k—1
7, 8F]] Mg F'of
j=1

+ Tt
MAX

Since (iv) holds for j < k — 1, we have

k—1 k—1

—1 v
> Pp ~T,'F'Y By, F|| =
j=1 j=1

~

Using Lemma S4.1 and Lemma S4.2(i), we have

k-1
H M, = Z Py, and
j=1

T, (BF+U) ] Mg, (aF +Z)
j=1

is tiny. At the kth step, the difference can

MAX
k—1

BF]] Mg, Z' (61)
j=1

MAX MAX

k—1

J=1 MAX

T, 'F'Py, F)

> (bs,

(62)

<Pq—1/2N—1/2+1//2 + T_l/QNV/Q.

k-1

]P)A/ .
()

H Mp, =lg, —

7j=1

Using the above equations, (62), and HTh_lFF’ — ]IKH <p T2 we have

k-1

M’\/
)

T, || F

HMb( )

‘77
~

Similarly, right multiplying F’ to the term inside

k—1
T,'F H Mg F'— le M,

Next, we analyze the four terms in (61) one by one.

Assumption 2, we have

k-1

/

s H M,
7j=1
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k—1
7, 8F ][ Mﬁ(,j)F’oz
j=1

k—1
F ]PD’\/

]7

—1/2

Z IF)b(J)

(63)

<Pq—1/2N—1/2+y/2 + T—1/2NV/2.

the [|-|| of (63), we have
q71/2N71/2+l//2 +T*1/2Nl//2. (64)

For the first term, using (64) and

/

MAX



k-1

k-1
1_[1 M, = T,'F 1_11 Mﬁ(ﬁ)F/
j= j=

For the second term, using (63), Assumption 2, we have

S1Bllyvax el <p g VANTV2 2,

k—1 k—1
Th_l BFHMﬁ(j>Z/ STh_l HBHMAX HMb(j) HFZ/H
j=1 MAX J=1
k—1 k—1
T, FlIms -, Fll12) <p ¢ VANTYV2 47712
+ T, [|Bllvax 11;[1 B jl;[l b 121l <p g +

For the third term, using (63), we have

k—1 k—1
12
UMz, Pl ST U hax T3 FHMA/ HMb ol
J=1 MAX
k—1
T U F e | [T M, | lall S5 (log NT)Y? (72N 12002 4 b2 ).
j=1

For the forth term, using (62), we have

k—1 1
UTIMe 2| ST 02 g+ T WU F gy |3 B || 1F 270+
=1 MAX o

—1/2
T2 U ax 1T

T F Zm( F - Z Ps

‘ HZH < (10g NT>1/2 ( —1/2N 1/2+l//2 +T—1/2NV/2> )

Hence, we have

k—1 k—1
Th_lX HMﬁ(lj>Y/ _ BHMb( )O(/ <P (log NT)l/Q (q—l/QN—1/2+l//2 + T—l/QNV/Q) ) (65)
= J=1 MAX

As in the case of k = 1, with the assumption that
_1(10g NT)1/2 (q—l/QN—l/Q-H//Q + T—l/QNV/Z) N 0’

and Assumption 5, we can reuse the arguments for (54) and (55) in the case of £ = 1 and
obtain P(I; = I;) — 1.
(ii) We impose Ik = I}, below. Then, we have X(k X Hki M and thus

k—1 k—1

k—1
— By F = X HMﬁ(ﬂ — By F' = By (F [1Mg Fr HMb<> > + Ul HM%'
j=1 j=1 J=1
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Hence, using Assumption 2 and (63), we have

k—1 k—1
F H1 Mp, — H1 M, F
J= J=

Spq1/2N1/2 4+ T2,

H)?uc) —ﬁae)FH < |8 + [V |

k-1

MA/
H i)
Jj=1

(iii) (iv) The proofs of (iii) and (iv) are analogous to the case k = 1.
To sum up, by induction, we have shown that (i)-(iv) hold for k < K.

(v) Recall that K is determined by B[] M, @’ whereas K is determined by

j<k
T, X [T Mﬁ(,j)Y’. Since (iv) holds for j < K as shown above, using the same proof

for (65), we have

K K
7, X ] Mg Y’ -8 1M, o Sp (log NT)V2 (¢ V2N M2z 4 =12 NYI2) - (66)
7=l 7=l MAX

The assumption cgﬁﬂ) < (14 6) ¢ in Assumption 5 implies that ¢ — cé?rl) = c¢. Then, we

can reuse the arguments for (54) and (55) with events

K _
By =4 ||T,' Xy HMﬁ(’-)Yl > (c+ c§§+1))/2 for at most ¢N — 1 different is in [N] » ,
A J
J=t MAX
7 7 )
By = ¢ || T Xy HMﬁ(,j)Y’ — B HMme/ > (¢ — C;§+1))/2 for some i € [N] »,
7=l =1 MAX

to obtain P(K = K) > P(B;) =1—P(B¢) > 1—P(B,) — 1.

(vi) This result comes directly from (65) and (66). O
Lemma S4.4. Under assumptions of Theorem 3.1, for k < K, we have
(i) HU[/Ik]gA(’f)H <p TV2 4 T-12g1 /2 NV/2Hv/2,
(i) “AU{Ik]ak)“ Sp qANVEVR L TVRNY ) for A= F, Z,W.

(i) |G (ur)] Se 1.
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Proof. (i) Using Lemma S4.1, we have
1/231/2~ . ~ ~ ~
Ta"Niy%w = X HMg() k) = Xi€ey = B F€wy + Upnp€em- (67)

Therefore, along with Assumption 1, Assumption 3 and Assumption 4(ii), we obtain

1/271/2 2 p
LN 5 Utall < (€ Bl Uina| + |6y Vg U
(68)
<N F Bl Uall + 10Ul Sp ¢ *NY277T 4 gN.
Together with X(k) =p gN'7", we have the desired result.
(ii) Similarly, by Assumption 1, Assumption 3 and Assumption 4(i)(ii), we have
PR Kt < R Rt

<I£l HﬁffklUwF'H +{|Ung H HUMF'H Se ¢ PNYVAT 4+ gNT'?,
Together with X(k) =p ¢N'7", we have the desired result. In addition, replacing F by Z and
W, we have the second and third equations in (ii).

(iii) Using Assumption 4(iii) and || || = 1, we have (iii) directly. O

Lemma S4.5. Under assumptions of Theorem 3.1, for k,l < K, we have

U(/k)e(k) U

VT Sp ¢ VANTVEV2 L TEINY,
k

SP q—1/2N—1/2+v/2 4 T_I/QNV/2.

hA(k)

AU S

Ve

(m) |£<l) Ik]§<k)| <P q*lN*l‘Hj + TlezC |E£l)6(’kl€(’c>| SP qleflﬂl + TNV,

vV Tr A (k) V ThA (k)

(iv) Gy Dayur| Sp 1+T712¢"2N'2, |, Dayur| Sp 1.

(i1) <p ¢ N 4L TINY, for A=F,Z, and W.

Proof. (i) Recall that from the definition of Uy (below (5)), we have
~

~ ~

XI gz
zk]—Z “ @ (70)

F

Then, a direct multiplication of <, / Thx(k) from the left side of (70) leads to

6(’k)U(k) _ 6(,14)[][11@} kz_i (k) Xlk €6y < A'z)U'
\/Th/)\\(k) \/Th i=1 \/Th \/Th
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Consequently, using || X(r|| < [|Bual| |1 FIl + || U || Sp ¢ /2NY22T12, ’X(k) =p gN' and

Lemma S4.4(i) we have

6Z/Lc)U(k) E\ék)U[Ik] n — X1, 6zi)U(i)
Th}:(k) Th/):(k) =1 Th//\\(kz) \/ Th/):(i) (71>
b ~
~ || <V

<Pq—1/2N—1/2+I//2 + T—lNl/ +

< 2|l =—
=1 Th)\(i)

A2 U ll <p ¢ V2N-124/2 L T-INY holds for i < k — 1, then (71) implies that

~1/2
IfHTh /A(i) (5)~ (%)

this inequality also holds for k. In addition, when £ = 1, (7(1) = Uy, and this equation is
implied from Lemma S4.4(i). Therefore, we have (i) holds for k¥ < K by induction.

Using (70) again, with Assumption 3, we have

7 k—1

Utk) Uy || 4 S
Th/)\\(k) Th/)\\(k) i=1 Th/)\\(k) Th//{(z)
k—1 r7

Ut
=1 Th/):(z)

X Ug)

(72)
S’Pq—l/QN—l/}i-l//Q + T—1/2Nl//2 +

When k = 1, Assumption 3 implies HT ZaP\ 1/2 H <p ¢ V2N~V/2v/2 L 712 NV/2 | Then,
using the same induction argument with (72), we have this inequality holds for k < K.

(ii) Similarly, by simple multiplication of F” from the right side of (70), we have
Sy U ! SO AL L X Sy Uy !

e The = JTow Tfie

Consequently, we have

Sty Ui F SOUAL —| X [74] U E”

o~

k=1 ||~ 77 ’
§i Uz F
SP q—lN—1+V + T-1NV + Z (4) (/)\
=1 Th)\(z)
When k = 1, HT W 1/2%{: N(k)F’H <p ¢ "N + T7IN" is a result of Lemma S4.4(ii).
Then, a direct induction argument using (73) leads to this inequality for k& < K. Replacing

F by Z and W in the above proof, we have (ii).
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(iii) Recall that )Af(k) = E(k)F + ﬁ(k) as defined in (3), we have
SORSOLHARTIRS H?(Z)ﬁ(l)H 1E U0 l| + HCN(Z)UU)H 1000 I

Along with (1), we have

SUARD B || ([ FU [ S50 US| || UnSw
Tih ) m Thm Ti\w) T\

Using HX@l)/qu)B(k)H <p 1 from Lemma 54.9, results of (i)(ii) and Lemma S4.4(i) completes

| <

(74)

the proof. Replacing Uy, by ﬁ(k) above and using the inequality that
X Uil < H%%H HFU&)%H + H%U(Z)H HU&)f(mH

and (1), we obtain the second equation in (iii).

(iv) Similar to (ii), by induction, we have

_ X _
HD(’“H <14y |—= HD@)

i<k |[1/ Th/)\\(i)

<p 1.

and
1wl <1+ 20 1Buall 1wl S 1
i<k
Together with Assumption 4(iii), we have (iv). O

Lemma S4.6. Under assumptions of Theorem 5.1, for k < K, we have
(i) Hg(k) _ Th—1/2F/bk2H <p T-INY 4 ¢ V2N-V/24v/2,
(i) HT}:WZE(,C) . T,;le/kaH <p T-INV 4 g N1+,

Proof. (i) By the definitions of byy and E(k), X(k) = B(k)F + ﬁ(k), we have

~ Ul
€y — Ty, VP Flys = —(LA(}C) : (75)
Then, Lemma 54.5(i) leads to (i) directly.
(i) Similarly, Lemma S4.5(ii) yields (ii). O
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Lemma S4.7. Under assumptions of Theorem 5.1, for k < f(, we have
(i) ISty — sty || Se T-12NVI2 4 g~ V2N—1/240)/2,
(k) B || ~
(ﬂ) qu)ﬁ(k) - g(/k)D(k)H SP T*l/?Nl//2 + q71/2N—1/2+V/2‘

Proof. We prove (i) and (ii) by induction. Consider the & = 1 case. The definitions of {y in

(1) and g in Section 3.1 lead to
S — st = Tn A (Duo BF &y + DiyUlin) — Ay’” Dewy b, (76)
when k =1, as 5(1) = Dy = (In)n, (76) becomes
S — s = (T A 2By Féay = A5 *Babm) + T NG Uinéa. (77)

As Lemma S4.3(iii) and (iv) imply that ‘

—1/2% 1/2F§ )\(—S (1)H <p ¢ IN“I* 4
T=12q7V2AN=Y2 and ||By|| S ¢Y2NY2V/2, to prove (i) it is sufficient to show that
|Uiny || Sp T2 + ¢*/>N'/2, which is given by Assumption 3.

(ii) is equivalent to (i) when k =1 as 5(1) = Dy = (In)1,1-

Then, we assume that (i) and (ii) hold for i < k and prove (i) and (ii) also hold for k.

(i) Similar to the k = 1 case, using (76) and Lemma S4.3(iii)(iv), it is sufficient to show that
Hﬁ(k)H <p TY2 + ¢/2NV/2 and H(f)(k) — D(k))BH <p 14 ¢"2NY2T-1/2_ The first inequality
is the same as the k = 1 case, which is implied by Lemma S4.5. As to the second inequality,

write

(D(k) - D(k))ﬁ = Z o) %‘)D(i)ﬂ - —C(i)D(i)ﬁ

i<k
As (ii) holds for i < k and ||3|| < ¢'/2N'/?7¥/2 it is sufficient to show that

Bingbey  Xingéo

V2o T

Plugging X(;,) = B F + Uy, into (78) and using Lemma 54.3(iii)(iv) again, we only need to

T—1/2NV/2 _1/2N_1/2+l//2. (78)

show that HU[Ik]g(,-)

<p ¢"/?N'2 4 T2 which holds by Assumption 3 and H{m
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(ii) By simple algebra, we have

- 5 ' Du 1 ﬁ[m 9. 5 S Xmaéa) 3
Sy (k) — Sy (k) = = ( S(k) — N [Ik] + Z (i) () — = —— ) Y0)

i<k \/ Th:\\(i)

Using the fact that (i) holds or i < k and (78), the proof is completed.
Lemma S4.8. Under assumptions of Theorem 3.1, for k < K + 1, we have

(i) HZ(k)F/ <p T/? +Tq_lN_1+V.

(ii) || Zoo Ut

‘ <p NOI/2T1/2 4 TqV2N-1/24v/2,

Proof. (i) From the definition (7) of Z(k), we have

?ﬁiF’
ZooF' = ZF — Zygz O

Then along with Lemma S4.5(ii), we have

k—1
ENET
=1

U
T\

HZ(]C)F/ < T1/2 + quleH»u.

(ii) With (7) again, we have
k—1 ~ 77 ’
~ < \UnU,
(@)Y OYI
ZiyUln) = ZUy = D Y&~
i=1 Th)\(z)

which, along with Lemma S4.5(i) and the assumptions on ¢, lead to

O v
V InAa)

<p N01/2T1/2 i (q—1/2N—1/2+V/2 +T‘1N”) (NOWTUQ +T)

HZ<k>U (o

k—1
< |20l + Y Y &0
i=1

<p N&/2T1/2 + Tq71/2N71/2+u/2_

Lemma S4.9. Under assumptions of Theorem 3.1, By, By defined by (19) satisfy
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(i) [|Bill Sp L, [|Ba|l Sp 1
i) ||B! By — 1z|| <p ¢ 'N~'"* +T-INV.
1 K ~
fii) 1By = Ball Sp T2 + T-INY 4 g IN-19, |[By = Bl Sp VANV 4 g AN -1/21012

w) ||BoB, — Ikl <p T2+ TINY + ¢ N when K = K.

2 N
v) |BiB, = Ig|| <p T-'N” + ¢ N~ when K = K.

2 N

Proof. (i) Using the definition (19) of By and Assumption 1, we have

Fg
b ]| = || —2 || <p 1,
VI

which leads to ||By|| <p 1. Using the definition (19) of Bs, we have

~
6(k)§(k) < q71/2N71/2+V/2

Br2l =

B H . (79)
Ak)

Note that

_ U X € _
B | < 18l + Do | AL k];) &5 (80)
i=1 T

hA(2)

k-1
1/2 \1/2-v/2 | Z Hﬁ(i)
i=1

e ] = [
with (79), we have ||bgo| <p 1 and thus || By|| <p 1

< gMANYZ2 ) we have Hg(k)H < ¢Y2N'/?7/2 by induction. Together

(ii) By (1) and Lemma S4.1, we have
~ B ST & TS
o = §E §k) = + OZO _ = by bro + OO
Th>\(k) \/ Th)\(k \/ Th)\(k)

By Lemma S4.5(iii), we have [b),bre — 0| Sp ¢ ' N~ + T7IN¥_ and thus HB’ By — ]IKH

qlefl*H/ + T*lNV'
(iii) Using (1) and )?(k) = g(k)F + ﬁ(k), we have
. FFB, _ . FU )

F&py = ——=Sr) + ——-
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By the definitions of by, and bys, it becomes

FF' FU, S
b1 = bro + ( i\ .

i TinJ Awy

With || Bz|| <p 1, Assumption 1 and Lemma S4.5(ii), (81) leads to

(81)

bet — bea <p T2 4+ T7INY 4 g INTIH,

This completes the proof. The second inequality of (iii) comes from Lemma S4.3(iv) directly.

(iv) When K = K, ByB, is a K x K matrix. By (i), (ii) and (iii), we have
1By By — || < | BiBy = |l + || By = Bell | Ball Sp T712 + T7'N” 4 ¢ N7
Since Bj is a K x K matrix, we have
|B2By = Lie|| = max [Xi(B;Ba) — 1| = [|ByBa = Iie|| Sp T71% 4+ T7IN” 4 7N 71,
(v) With respect to By B), we have
01 (Bo) | BoB, — || < |(BoB, — i) Bol| = | Ba(BiBs — )| < o4(B) | BBy — I . (82)

Since (iv) implies that oy (Bs)/0x(Bs) <p 1 when K = K, (i) and (82) yield

O'l(BQ)

BBy —Ig| = ||BaB] — Ik|| <
133~ x| = 18,5 ~ T < To2

IB,By —Igc|| Sp T 'NY + ¢ 'N~7. (83)
m

Lemma S4.10. Under Assumptions 1-5, we have

(i) T;/QEEk) — W, F <p q—1/2N—1/2+y/2(10g T)1/2 + TN 4 q—1N—1+yT1/2_

HMAX

(i) |28y — 8o S (log NT)V(T-1/2 4 g 12N -1/240/2 4 T1NY),

HMAX

(iii) U— UHMAX <p log(NT) (g~ V2N-V2+v/2 L T=12Nv 4 =1 N=1HvT1/2),

(iv) max;<y T,;l/ 2 ffm — Upy|| Sp (log NT)V2(T-VENVI2 4 g7 V2N 1/240/2),
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Proof. (i) Recall that by (75), (1), and (3), we have T2, — bj,F' = Xy}, Un. and

Sy = T*1/2/X6€1)/2)~((k)€(k) = Tfl/Q/):(_kl)/zXUk]ak). Therefore, we have

|78 — o || e am it ( A

ol F g (7 H )
i F" B Uk MAX

(84)

MAX

When k = 1, (7(1) = Uyy,j, with Hﬁfh]fj(l) ax <p ¢'2N'?7v/2(log T)'/? from Assumption 4

and HUUl]H <p ¢"2?N'2 4 T2 from Assumption 3, we have

| 7280 =P e a N B Ul + 0N ([0 U

<p q71/2N71/2+u/2(10g T)1/2 L TRNY 4 qilN*H”Tl/Q.

Now suppose that this property holds for ¢ < k, then for the first term in (84), we have

—1/2/\—1/2 ~
‘ )H S 118Vl + Z 16 | HT X | <oV, -
The assumption that (i) holds for ¢ < k implies that
‘ %f D yax = >\1/2 T1/2£(k b;“QFHMAX <p (log T) /24 g /2N V212 4 (=1/2 N=1/240/2

With [Spg| S ¢"#NY2 and [| X < (1B [HIFI + [Unal] Seg'/2N272T12 and

Assumption 4(ii), we have the first term in (84) satisfies

,1N 1+I/T 1/2 é—( )F/ﬁ[ }U(k)HMAX Sq71N71+VT71/2 gzk)F/ )HMAX
—1ar—1+v || o/ —1/2 n7—1/24v/2 ||~ 77
Seq¢ N HB[Ik]U[Ik]HMAX—i_Zq PN SOR(0 MAX
i<k

<p g VNV (10g T2 L TTVRNY 4 I NI,
For the second term in (84), we have

( U/Ik]U"“)H = H&k)UffklU(k)H < [V HU(mH <S¢ ANV 4TV,

MAX

where we use Assumption 3 and Lemma S4.5(i) in the last step. Consequently, (i) also holds

for k and this concludes the proof by induction.
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ii) By simple algebra, )\ 2By Y2 X €y = Bbra + Ty, *UE k), which leads to
(k) (k) h (k)

U(T, *€w) — F'biz)

iy By = Bbwa|

ST U F bia|lyax + 77

MAX

SPT_l HUF/HMAX + T2 ”U”MAX HT;/ZE(IC) - Flb;ﬂH
Sp(log NT>1/2(T_1/2 + q—l/QN—1/2+y/2 + T_IN”),

where we use Assumptions 3, 4, and Lemma S4.6.

(iii) By triangle inequality, we have

(Z bry by — ]IK> F
k<K

By Assumptions 1, 2 and Lemma S4.9, the first term satisfies

B8 (Z br1 by — ]IK> F

k<K

|7~

MAX

P Al /
+ 3 [|BF = sheator]
k<K

MAX

5 HBHMAX HFHMAX HBlBQ - ]IKH
MAX

,Sp(log T)l/Q(T—lNV + q_lN_1+V).

For the second term, note that by triangle inequality we have

Hg(k)ﬁ — Bbklb;CQFH < ‘ 1/2/3 5bk1

M la

+ ||5bk1HMAX )\214)25— Bbr1

1/2
b F — N /FH

+| boF — 3o P |
MAX MAX MAX
which, together with (i)(ii), concludes the proof.

(iv) Because we have Th_l/2 H(Afm —Up

= Th_l/2 HBMﬁ — BMFH , it then follows from tri-
angle inequality that
|8 = i F | <116 (BiBy — L) Fl| + (|8 Ba| | A2F — By |

+ Hﬁm& — B A2

577

We analyze the three terms on the right-hand side one by one. With 71/

AR BQFH
<p T7INY + ¢ Y2N-12/2 from Lemma S4.6, ||B|lyax < N7%/2, Lemma S4.9 and (i), we

have
max T, [| 6y (B1 By = Ixc) F|| S T 18lax 1B1 By = Lic | I1F || Sp g ™' N7/ 4 TN
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mac T, 2| Bil| [AV2F — ByF|| S 772 | Blyax [R72F — ByF || Sp g VAN 2 4 TNV,

BBy —BA|| ||F|

MAX

InZaXTh—l/2 Hﬁ[Z]Bl _ B[i]K1/2 HK71/2F\H < Th—1/2

,SP (log NT)1/2<T_1/2 + q—l/QN—l/Z-H//Q + T_lNV).
Consequently, we have the desired bound.

Lemma S4.11. Under Assumptions 1-4, for any I C [N], we have the following results:
(i) || T, FMw F' = Ig|| Sp T2, | ZMyr || Sp TV,
(it) |FMw: [[yiax Sp (log T)V2, || ZMiw ||y ax Sp (log T)V2.

<p (logT)"/2.

<p T2, B[/]]U[I]MW’ A

(ui) HB{H Ut My

Sp T2, B[II}U[I]MW’Z/H Sp T2,

(iv) || By UM P

(v) [UM[[yax Sp (log NT)'2.
(vi) HUMW’F/HMAX Se (10gN)l/QTl/zyHUMW’Z/HMAX Se (IOgN)l/QTl/Z’

(vii) ||UnMw|| Sp Y2+ T2, ||UngMw- A'|| Sp |[I|M*TY2, for A=F, Z.

(viii) ||FMyw Z'|| Sp TV?, |[FMyZ' = FZ'|| Sp 1.
Proof. (i) With [|[(WW")™|| <p T~! from Assumption 1, |[WF'|| <p T"/?, we have
[T FMy F! = Ig|| < || T FF = || + T, | FW/ )P (W) Y| <p TV
(ii) Using the bound on ||F||y4x and that [|[W| < T2 by Assumption 1, we have
IFMw liax < I Fllyax + IFWH VW)W <p (log T)*

Replacing F' by Z in the above proof, we obtain the second inequality.

(iii) Using Assumption 4(ii) and ||My~|| < 1, the first equation holds directly. Also,

+ | Bt || v W) 1wl e (og T)2

S HBfI]U[I]

[
MAX MAX
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where we use Assumption 1 and Assumption 4(ii) in the last equality.

(iv) With [[(WW")7Y| <p T, |[WEF'|| <p T"/?, and by Assumption 4, we have
HB{I]U[I]MW/F/H < HBfI]U[I]F'H + ”BfI]U[I]W/” H(WW’)’IH |WF'|| <p T2

Replacing F' by Z in the above proof, we have the second inequality in (iv).

(v) Similar to (ii), using Assumption 3 and 4, we have

HUMW’HMAX S ”UHMAX + HUW,HMAX H(WW/>_1WH Sp (log N)l/z + (1OgT)l/2~
(vi) Similar to (iv), by Assumptions 1 and 3, we have

UMy F'llyiax S NUF [yax + HTW g [[(WW) T WE|| Sp (log N)M2T2.

Replacing F' by Z in the above inequality, we also have |[UMy» 2’|y ax <p (log N)Y2T1/2,
(vii) With Assumption 3 and ||[My~|| < 1, the first inequality holds directly. By Assump-

tions 1 and 4, we have
HU[I]MW’F'H S HU[I]F/” + HU[I]WIH H(WW/)le HWF/” SP ’[|1/2T1/2

Replacing F' by Z in the above proof, we also have the third inequality.

(viii) Using Assumption 1 and |[My~| < 1, we have || ZMyy || <p T"/2. Also,
|FMyw: 2" = FZ'| = |[FPw. Z'|| < [|[FW'| [(WW")TH[ W Z']| <p 1.

Consequently, || FMyZ'|| < |FMwZ' — FZ'|| + [|FZ'|| <p T"/? as we have ||[FZ'|| <p T'/?

from Assumption 1.

Lemma S4.12. For any N x K matriz 3, if |T;,'FF' —Ig| Sp T7Y2, we have
(i) 0;(BF)/o;(8) = T)"> + Op(1) for j < K.

(i1) If o1(8) — 02(B) < 01(B), then HJP’g — T, 'F'PyF|| Sp T2, where b and & are the first

right singular vectors of B and BF', respectively.
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Proof. (i) For j < K, 0;(BF)? = X;(BFF'3') = \;(f/BFF"), which implies \;(5'3)
M(FF') < 0;(BF)? < X (B'8)AM(FF'). With the assumption ||T},'FF —Ig| <p T7'2, we
have Th_lmaj(ﬁF)/aj(ﬁ) =1+ Op (T"/?) by Weyl’s inequality.

(ii) Let ¢ and ¢ be the first left singular vectors of 5 and SGF, respectively. Equiv-
alently, ¢ and ¢ are the eigenvectors of 3’ and Th’lﬂFF’ﬁ’. As Hﬁﬁ’ —Th’lﬁFF’ﬁ’H <
1BI | T FF — k|| Sp o1 (8)T Y2 and 01(8) — 02(8) < 01(B), by sin-theta theorem

|88 — T, ' BFF'P|| <, T2,
o1(B)? — o2(B)? — O(||B8' = T, BFF'B|)) ~

[ISSEES IS

Using the relationship between left and right singular vectors, we have b’ = ¢'5/01(f) and

¢ = F'BE/||BF||. Therefore,

<p T7Y2. (85)

~Y

p,_ ) F'B/BF|| | F'BEBE  F'B«/BF
S BRI 1BEN NI |18F) 1BF|?

By Weyl’s inequality, T, ! [|BF||* = M(T~'BFF'8) = 01(8)? + Op(01(8)*T~"/?). In light of

-

(85), we have ||P; — T}, ' F'P,F|| <p T2, O
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